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PREFACE. 



The Treatise here oflFered to the public was com- 
posed for the ENCYCLOP-asDiA Bbitannica, and has 
already appeared in the seventh edition of that na- 
tional work. The Author has been induced to re- 
publish it in its present form by the hope that it may 
be found useful as a .text-book, and afford the student 
of the mathematics some facilities in the acquisition 
of an interesting branch of the ancient geometry. 

In treating of a subject which has passed through 
the hands of so many distinguished mathematicians, 
and which, on account of its numerous applications 
in astronomy and natural philosophy, has been con- 
sidered under every point of view, the Author could 
not hope to add much to the stock of truths already 
known. His object, indeed, has not been so much to 
search after new propositions, or to point out rela- 
tions heretofore unnoticed, as to place the subject be- 
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fore the reader in the clearest possible light, and to 
demonstrate the principal properties of the Conic 
Sections in a more concise, simple, and elementary 
manner than has yet been done. 

With this view, perspicuity and symmetry have 
been particularly- studied, both in the arrangement of 
the materials, and the demonstration of the particu- 
lar propositions. Only the most elementary proposi- 
tions of geometry have been made use of; and while 
each of the three sections has been treated as a 
distinct curve, a general view has been taken of 
the subject, and their analogous properties deduced 
£rom their reepective definitions in an uniform man- 
ner, by the same constructions, and, in many instan- 
ces, in the same words. It might have been easy, in 
such cases, to have included the three curves in the 
same general enunciation ; but the method which has 
been followed has the advantage of placing in each 
case a distinct object before the mind, at the same time 
that the connection and mutual relations of all the 
curves is rendered obvious by the comparison of those 
propositions in which their analogous properties are 
d^noflOBtrated. 

Iq eonf<n^mJty with the same views, the curves have 
been considered as generated by the motion of a point 
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on a plane, and without any reference to the cone. 
In 80 far as facility of demonstration is concerned, it 
is perhaps of little consequence which of their charac- 
teristic properties is taken for the definition ; that 
which has heen adopted (and which was first employ- 
ed hy Lahibe in his Nowoeanx JElemens des Sec- 
tions Coniques, Paris, 1679) appears to afford at least 
the simplest view of their mechanical description. 

The Work consists of Four Parts, besides the 
Appendix. The first three parts contain the de- 
monstration of the principal properties of each curve, 
considered separately and independently. The fourth 
part exhibits the origin of the curves from the inter- 
section of a cone with a plane, according to the view 
taken of them by the ancient geometers, and from 
which, indeed, they derive their name of Conic Sec- 
tions. It also embraces a subject of considerable im- 
portance in the theory of the curves, namely, the com- 
parison of their curvature at each point, with that of 
a given circle ; and it concludes with the demonstra- 
tion of those properties of their areas which can be 
deduced without the aid of the higher geometry. 

The Appendix is of a miscellaneous character. The 
first proposition, derived from a general property of 
the Conic Sections demonstrated by Newton, gives 
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an expeditious method of finding points in a parabola 
by the intersection of straight lines. Propositions 
2, S, 4s, indicate how parabolas may be described 
which shall touch straight lines given in position. 
Propositions 5 and 6 unfold a very remarkable pro- 
perty of the ellipse, and show that it belongs to the 
class of curves called epicycloids, or hypocycloids, be- 
ing generated by the motion of a point in the plane 
of a circle, which revolves on the interior circumfer- 
ence of another circle. This property has suggested 
the elegant instrument for the organic description of 
the ellipse described in the Scholium to Prop. 8. 
The equations of rectangular co-ordinates, and the 
varied expressions for the polar equations, are added 
for the purpose of facilitating the application of analy- 
sis to the investigation of the higher properties of 
the curves, and to astronomy. The series which fol- 
low for the areas of the circle and equilateral hyper- 
bola, and also the remarkable properties of their cir- 
cumscribed polygons, are in substance taken from a 
paper presented by the Author to the Royal Society 
of Edinburgh, and published in volume sixth of its 
Transactions 

It was the intention of the Author to have con- 
siderably enlarged this part of the Work, and to have 
given various other series for the quadrature and rec- 
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tification of the Conic Sections ; but the state of his 
health having prevented him from accomplishing his 
wishes, and indeed delayed the publication of the 
Work much beyond the time he had hoped it would 
appear, he is induced to allow it to go forth in its 
present state ; and if it shall be found to render the 
subject more accessible to the generality of students, 
or to promote a taste for that elegant species of geo- 
metrical investigation which was so successfully cul- 
tivated by the great masters of antiquity, and which, 
while it affords the best discipline for the minds of 
vouth, furnishes also the securest foundation for the 
superstructure of the modern mathematics, he will not 
regret the time and labour which have been expended 
in its composition. 



College of Edinburgh, 
December 24, 1836. 
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INTRODUCTION. 



The mathematkians of antiqaity regarded the straight 
line and the circle as the most simple of all geometri- 
cal lines ; and the celebrated geometer Euclid has em* 
ployed no other in his welUknown EtemerOg. By these 
alone the ancients resolved a great number of problems, 
of which the more simple are contained in Euclid's JSfe- 
ments ; but many of higher difficulty were resolved in his 
other writings, and in treatises of Archimedes and Apollo- 
nius, which have only in part reached our times. There is, 
however, from the very nature of geometrical science, a 
Kmit to the applicability of the straight line and circle. 
Some problems admit of only one solution : these can be 
resolved by the intersection of two straight lines* Otheia 
again admit of two solutions, and such require lines which 
intersect each other in two points ; therefore they may be 
resolved by the straight line and circle, or two circles. 

If, however, a problem be of such a nature as in lis 
most general form to admit of three solutions, it must ne- 
cessarily be determined by the intersection of two lines which 
interseet each other in diree points ; it therefore caanot 
be resolved by the straight line and circle alone. Now 
the ancients had actually proposed to themselves such 
problems, and in this way it may be supposed they had 
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discovered the necessity of introducing other lines, in addi- 
tion to the straight line and circle, into their geometry. 

The interest which mankind take in mathematical spe- 
culations is but little in comparison to that which is excit- 
ed by works of poetry, oratory, or history ; hence it has 
happened that ancient treatises on these subjects have 
had a better chance of descending to our times. It is not, 
therefore, wonderful that none of the works of the more 
early Greek geometers have reached us, and that we have 
no work of great antiquity professedly written on the sub- 
ject of the Conic Sections. Our curiosity must therefore 
rest satisfied with the knowledge of a few incidental notices, 
and facts relating to them, gleaned from different authors. 

The discovery of the Conic Sections seems to have ori- 
ginated in the school of Plato, in which geometry was 
highly esteemed and much cultivated. It is probable that 
the followers of that philosopher were led to the discovery 
of these curves, and to the investigation of many of their 
properties, in seeking to resolve the two famous problems 
of the duplication of the cube, and the trisection of an 
angle, for which the artifices of the ordinary or plane geo- 
metry were insufficient. Two solutions of the former pro- 
blem, by the help of the Conic Sections, are preserved by 
Eutocius,* and are attributed by him to Mensechmus, the 
scholar of Eudoxus, who lived not much posterior to the 
time of Plato: and this circumstance, added to a few words 
in an epigram of Eratosthene8,f has been thought sufficient 
authority, by some authors, to ascribe the honour of the 
discovery of the Conic Sections to Mensechmus. We may 
at least infer that, at this epoch, geometers had made 
some progress in developing the properties of these curves. 

• In Arch. lib. ii. De Sph, et Cyl t ^^^^' 
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The writings of Archimedes that have reached us expli- 
citly show that the geometers before his time had advanced 
a great length in investigating the properties of the Conic 
Sections. This author expressly mentions many principal 
propositions to have been demonstrated by preceding wri* 
ters ; and he often refers to properties of the Conic Sections, 
as truths commonly divulged and known to mathemati- 
cians. His own discoveries in this branch of science are 
worthy of the most profound and inventive genius of an* 
tiquity. In the quadrature of the parabola he gave the 
first and the most remarkable instance that has yet been 
discovered of the exact equality of a curvilinear to a rec- 
tilinear space. He determined the proportion of elliptic 
spaces to corresponding spaces in the circle ; and he in- 
vented many propositions respecting the mensuration of 
the solids formed by the revolution of the conic sections 
about their axes. 

It is chiefly from the writings of Apollonius of Perga, a 
town in Pamphylia, on the subject of the Conic Sections?, 
that we know how far the ancient mathematicians carried 
their speculations concerning these curves. Apollonius 
flourished under Ptolemy Philopater, about forty years 
later than Archimedes. He formed his taste for geometry, 
and acquired that superior skill in the science to which he 
is indebted for his fame, in the school of Alexandria, under 
the successors of Euclid. Besides his great work on the 
Conic Sections, he was the author of many smaller trea- 
tises relating chiefly to the geometrical analysis, the ori- 
ginals of which have all perished, and are only known to 
modern mathematicians by the account given of them by 
Pappus of Alexandria, in the seventh book of his Mathe- 
matical Collections, 
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The work of ApoUooius on the Conic Sections, written 
in eight books, was held in sach high estimation by the 
ancients, as to procure for him the name of the Great 
Geometer. Only the first four books of this treatise 
have come down to us in the original Qreek. It is the 
purpose of these, as we are informed in the prefatory 
epistle to Eudemus, to deliver the elements of the science ; 
and in this part of his labour the author claims no further 
merit than that of having collected, amplified, and redu- 
ced to order, the discoveries of preceding mathematicians. 
One improvement introduced by ApoUonius is too remark- 
able to be passed over without notice. The geometers who 
preceded him derived each curve from a right cone, which 
they conceived to be cut by a plane perpendicular to its 
slant side. It will readily be perceived, from what is 
shown in the first section of the fourth part of the follow- 
ing treatise, that the section would be a parabola when 
the vertical angle of the cone was a right angle, an ellipse 
when it was acute, and an hyperbola when it was obtuse. 
Thus each curve was derived from a different sort of cone. 
ApoUonius was the first to show that all the curves may be 
produced from any sort of cone, whether right or oblique, 
according to the different inclinations of the cutting plane. 
This fact is one remarkable instance of the adherence of 
the mind to its first conceptions, and of the slowness and 
difficulty with which it generalizes. 

The original of the last four books of the treatise of 
ApoUonius is lost ; and it is not easy to ascertain in what 
age it disappeared. In the year 1658 Borelli discovered at 
Florence an Arabic manuscript, entitled ApoUomi PergcBi 
Conicorum Libri Octo. By the liberality of the Duke of 
Tuscany, he was permitted to carry the manuscript to 
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Rome, and, with the aid of aa Arabic scholar, Abraham 
Ecchellensis, he published in 1661 a Latin translation of 
it. The manuscript, although from its title it was expected 
to be a complete translation of all the eight books, yet was 
found to contain only the first seven books : and it is re- 
markable, that another manuscript, brought from the East 
by Oolius, the learned professor of Leyden, in 1664, 
as well as a third, of which Ravius published a trans- 
lation in 1669, have the same defect. All the three manu* 
scripts agreeing in the want of the eighth book, we may 
now consider that part of the work of ApoUonius as irreco- 
verably lost. Fortunately, in the CoUectiones Mathematics 
of Pappus, in whose time the entire treatise of ApoUo- 
nius was extant, there is preserved some account of the 
subjects treated in each book, and all the Lemmata re- 
quired in the investigations of the propositions they con- 
tained. Dr Halley, who in 1710 gave a correct edition of 
the Conies of ApoUonius, guided in his researches by the 
lights derived from Pappus, has restored the eighth book 
with so much ability as to leave little reason to regret the 
loss of the original. 

The last four books of the Conies of ApoUonius, con- 
taining the higher or more recondite parts of the science, 
are generally supposed to be the fruit of the author's own 
researches ; and they do much honour to the geometrical 
skUl and invention of the great geometer. Even in our 
time the whole treatise must be regarded as a very ex- 
tensive, if not a complete work on the Conic Sections. 
Modern mathematicians make important applications of 
these curves, with which the ancients were unacquainted; 
and they have been thus led to consider the subject in 
particular points of view, suited to their purposes ; but 
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they have made few discoveries, of which there are not 
some traces to be found in the work of the illustrious an- 
cient. 

The geometers who followed Apollouius seem to have 
contented themselves with the humble task of comment* 
ing on his treatise^ and of rendering it of more easy access 
to the bulk of mathematicians. Till about the middle of 
the 1 6th century, the history of this branch of mathema- 
tical science presents nothing remarkable. The study of 
it was then revived ; and since that time this part of the 
mathematics has been more cultivated, or has been illus- 
trated by a greater variety of ingenious writings. 

Among the ancients the study of the Conic Sections was 
a subject of pure intellectual speculation.. The applica- 
tions of the propierties of these curves in natural philosophy 
have, in modern times, given to this part of the mathe- 
matics a degree of importance that it did not formerly 
possess. That which, in former times, might be consider- 
ed as interesting only to the learned theorist and profound 
mathematician, is now a necessary attainment to him who 
would not be ignorant of those discoveries in nature that 
do the greatest honour to the present age. 

It is curious to remark, in the progress of discovery, the 
connexion that subsists between the different branches of 
human knowledge ; and it excites admiration to reflect, 
that the astronomical discoveries of Kepler, and the su- 
blime theory of Newton, depend on the seemingly barren 
speculations of Greek geometers concerning the sections 
of the cone. 

ApoUonius, and all the writers on Conic Sections before 
Dr Wallis, derived the elementary properties of the curves 
from the nature of the cone. In the second part of his 
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treatise De Sedionibus Conicis^ published in 1665, Dr 
Wallis laid aside the consideration of the cone, deriving 
the properties of the curves from a description in piano* 
Since his time authors have been much divided as to the 
b^st method of defining those curves, and demonstrating 
their elementary properties; many of them preferring 
that of the ancient geometers, while others, and some of 
great note, have followed his example. 

In support of the innovation made by Dr Wallis, it is 
urged, that in the ancient manner of treating the Conic 
Sections, students are perplexed and discouraged by the 
previous matter to be learnt respecting the generation and 
properties of the cone ; and that they find it no easy task 
to conceive distinctly, and to understand, diagrams which 
represent lines drawn in different planes ; all these difficul- 
ties are avoided by defining the curves in piano from some 
one of their essential properties. It is not our intention 
particularly to discuss this point ; and we have only to 
add, that in the following treatise we have chosen to de- 
duce the properties of the Conic Sections from their de- 
scription in piano, as better adapted to the nature of an 
elementary treatise. 

A geometrical treatise on the Conic Sections must ne- 
cessarily be founded upon the elements of geometry. As 
Euclid's Elements of Geometry are generally studied, and 
in every one's hands, we have chosen to refer to it in the 
demonstrations. The edition referred to is that published 
by the late Professor Playfair of Edinburgh. 

The references are to be thus understood: (20, ], E.) 
means the twentieth proposition of the first book of Euclid's 
Elements; (3 Cor. 20, 6, E.) means the second corollary 
to the twentieth proposition of the sixth book of the same 
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work ; and so of others. Agiun^ (7) means the aey^itb 
proposition of that Part of the following Treatise in whieh 
such reference happens to occur ; (Con 1 ) means the co« 
roUary to the first proposition ; (2 Cor. 3) means the second 
corollary to the third proposition^ &c.— such references 
being all made to the propositions in* the division of the 
Treatise in which they are found. 
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PART I 



OF THE PARABOLA. 



DEFINITIONS. 




I. If a straight line BC, and a point without it F, be 
given in position in a plane, and a point D be supposed to 
move in such a manner that DF, its distance from the 
given point, is equal to DB, its distance from the given 
line; the point D will describe a line DAIX, called a 
Paraboia. 

II. The straight line BC, which is given in position, is 
called the Directrix oftke Parabola. 

A 
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III. The given point F is called the Focus, 

IV. A straight line perpendicular to the directrix, ter- 
minated at one extremity by the parabola, and produced 
indefinitely within it, is called a Diameter. 

v. The point in which a diameter meets the parabola 
is called its Verteoc, 

VI. The diameter which passes through the focus is 
called the Axis of the Parabola ; and the vertex of the axis 
is called the Principal Vertex, 

Corollary. A perpendicular drawn from the focus to 
the directrix is bisected at the veirtex of the axis. 

y II. A straight line terminated both ways by the para- 
bola, and bisected by a diameter, is called an Ordinate to 
that Diameter. 

YIII. The segment of a diameter between its vertex 
and an ordinate is called an Absciss. 

IX. A straight line quadruple the distance between the 
vertex of a diameter and the directrix, is called the Para- 
meter^ also the Lotus Rectum of that Diameter. 

X. A straight line meeting the parabola only in one 
point, and which Everywhere else falls without it, is said 
to touch the parabola at that point, and is called a 7bn- 
gent to the Parabola. 
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PROPOSITION I. 

The distance of any point without the parabola from the focus 
is greater than its distance from the directrix ; and the dis- 
tance of any point within the parabola from the focus is 
less than its distance from the directrix. 
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Let DAd \^ a parabola, of which F is the focus, GC 
the directrix, and P a point without the curve, that is, on 
ihe same side of the curve with the directrix ; PF, a line 
dtawn ta the focus, will be greater than PG^ a perpendi- 
cular to the directrij:. For, as PF must necessarily cut 
the curve, let .D be the point of intidrsection ; draw DB 
perpendicular to the directrix^'and join PB. Because D 
is a point in the parabola, DB z=:DF (Definition 1), there- 
fore PF = PD + DB ; but PD rf DB. is greater than PB 
(20, 1, E.)} and therefore still greater than PG (19, 1, E.), 
therefore PF. is greater than PG. 

Again, let Q be a point within the pajrabola; QF> a 
line drawn to the focus, is less thain QB,' a perpendicular 
to the directrix. The perpendicular QB necessarily cuts 
the cuurve ; let D be the point of intersection ; join DF. 
Then DF= DB (Def. 1), and QD + DF = QB ; but QF 
is less than DQ + DF, therefore QF is less than QB. 
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Cor. a point is without or within the parabola, ac- 
cording as its distance from the focas is greater or less 
than its distance from the directrix. 



PROPOSITION 11. 

Every straight line perpendicular to the directrix meets the 
parabobiy and every diameter falls wholly within it. 



a B 




Let the straight line BQ be perpendicular to the direc- 
trix at B; BQ shall meet the parabola. Draw BF to 
the focus, and make the angle BFP equal to FBQ ; then, 
because QBC is a right angle, QBF and PFB are each 
less than a right angle, therefore QB and PF intersect 
each other ; let D be the point of intersection, then DB 
= DF (5, 1) E.) ; therefore D is a point in the parabola. 
Again, the diameter DQ falls wholly within the para-* 
bola ; for take Q, any point in the diameter, and draw FQ 
to the focus, then QB or QD + DF is greater than QF ; 
therefore Q is within the parabola (Cor. 1). 

Cor. The parabola continually recedes from the axis, 
and a point may be found in the curve that shall be at a 
greater distance from the axis than any assigned line. 
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PROPOSITION III. 

The straight line which bisects the angle contained by two 
straight lines draum from any point in the paraboUiy the 
one to Hie focus ^ and the other perpendicular to the direc- 
triXi is a tangent to the curve in that point 




Let D be any point in the curve ; let DF be drawn to 
the focus, and DB perpendicular to the directrix; the 
straight line which bisects the angle FDB is a tangent to 
the curve. Join BF meeting DE in I, take H any other 
point* in DE, join HF, HB, and draw H6 perpendicular 
to the directrix. Because DF = DB, and DI is common 
to the triangles DFI, DBI, and the angles FDI, BDI, 
are equal, these triangles are equal, and FI = IB ; and 
hence FH =:HB (4, 1, E.) : but HB is greater than HG 
(19, 1, E.), therefore the distance of the point H from 
the focus is greater than its distance from the directrix ; 
hence that point is without the parabola (Cor. 1), and 
therefore HDI is a tangent to the curve at D (Def. 10). 

Cor. 1. A perpendicular to the axis at its vertex is a 
tangent to the curve. Let AM be perpendicular to the 
axis at the vertex A, then RS, the distance of any point 
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in AM from the directrix, is equal to CA, that is to AF, 
and therefore is less than RF, the distance of the same 
point from the focus. 

Cob. 2« A straight line drawn from the focus of a para- 
bola perpendicular to a tangent, and produced to meet the 
directrix^ is bisected by the tangent. For it has been 
shown that FB, which is perpendicular to the tangent DI, 
is bisected at I. 

Cor. 3. A tangent to the parabola makes equal angles 
with the diameter which passes through the point of con- 
tact, and a straight line drawn from that point to the fo- 
cus. For BD being produced to Q, DQ is a diameter, and 
the angle HDQ is equal to BDE, that is, to EDF. 

Cor. 4. The axis is the only diameter which is perpen- 
dicular to a tangent at its vertex. For the angle HDQ, 
or BDE, is the half of BDF, and therefore less than a 
right angle, except when BD and DF lie in a straight line, 
which happens when D falls at the vertex. 

Cor. 5. There cannot be more than one tangent to the 
parabola at the same point. 




For let any other line DK, except a diameter, be drawn 
through D ; draw FK perpendicular to DK ; on D for a 
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centre, with a radius equal to DB or DF, describe a circle, 
cutting FK in N; draw ffh p^allel to the axis, meeting 
DK in L, and join FL. Then FK;= KN (3, 3, R), and 
therefore FL := LN. Now BD being perpendicular to the 
directrix, the circle FBN touphes the directrix at B (16, 3, 
E.) ; and hence N, any other point in the circumference, is 
without the directrix, and on the same sideof it as the pa- 
rabola ; therefore the point L is nearer to the focus than 
to the directrix, and consequently is within the parabola. 
Scholium. From the property of tangjents to the pa- 
rabola demonstrated in Cor. 3, the point F ^kes the name 
of the Focus. For rays of light proceeding parallel to the 
axis of a parabola, and falling upon a polished surface 
whose figure is that produced by the revolution of the pa- 
rabola about its axis, are reflected to the focus. 
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PROPOSITION IV. PROBLEM, 

Tojind any number of points in a parabolaj having given the 

focus and axis. 




Let F be the focus, AH the axis, and A the vertex. 
Suppose the problem resolved, and that D is a point in 
the parabola. In FA produced take AC equal to AF, and 
through C draw the directrix BC6 ; draw DF to the focus, 
DE perpendicular to the axis, and DB perpendicular to 
the directrix : Take AH equal to FD. 

Because AH is equal to DF, and DF is greater than 
AF (Cor. Prop. 2), therefore AH is greater than AF, and 
H is always in AF produced. 

"Now CE is equal to AH, for each is equal to DF ; there- 
fore, taking from these the equals AC, AF, we have AE 
=:FH. 

Construction. In AF produced take any point H, 
and take AE equal to FH. Through E draw JiEd per- 
pendicular to the axis, and with F as a centre, at the dis- 
tance AH, describe a circle which will cut the perpendi- 



OF THE PAEABOLA. 9 

cular in D and d : these are points in the parabola. For 
AE = FH, therefore CE = AH, and DB = DF, therefore 
D is in the parabola, and in the same way it appears that 
d is in the parabola. 

Cor. L Any perpendicular to the axis meets the para- 
bola in two points, and in no more, and the straight line 
between the points is bisected by the axis. For if the 
perpendicular could meet the curve in another point D', 
then FD' being joined, we would have FD' equal to D'B', 
that is, to DB or to FD, which is impossible (19, 1, E.). 

Cor. 2. Every chord Dd, in a parabola, perpendicular 
to the axis, is bisected by the axis, and therefore is an or- 
dinate to it. For the chord in the parabola is also a chord 
in a circle, the centre of which is in the axis of the para- 
bola. 

Scholium. From this proposition it appears that the 
parabola is composed of two branches, which recede con- 
tinually from the directrix and from the focus, also from 
the axis (Cor. Prop. 2). And it appears that \he indefi- 
nite spaces between the curve and axis on each side are 
exactly alike, so that if the whole space comprehended 
within the parabola were divided into two portions by 
cutting it through the axis, and one of them were turned 
over upon the other, they would entirely coincide. 
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CONIC SECTIONS. 



PROPOSITION V. 

If a straight line be drawn from the focus of a parabola to 
the intersection of two tangents to the curve ; it makes equal 
angles with straight lines drawn from the focus to the points 
of contact 




Let HP, Up, tangents to'a^parabolaat P and p, inter" 
sect each other at H ; draw PF,. joF,.HF, to F thq focus; 
the line HF makes equal angles with FP, Fp. 

Draw PK, pk perpendicular to the directrix, and join 
HK, m. The triangles HPK, HPF have PK = PF, PH 
common to both, and the angles KPH, FPH equal (3), 
therefore they are in every way equal (4, 1, E.), and have 
HK = HF, and the angle HKP equal to HFP. In the 
same way it may he shown, that the triangles Hpk, H/>F, 
are in every way equal, and therefore H^ := HF, and the 
angle HKp is equal to UFp : But HK being equal to H^, 
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for each has been proved equal to HF, the angles HK^ 
H^K are equal (5, 1, E.), an4 adding to these the right 
angles PKA, pkK^ the angles HKP, Hkp are equal ; but 
these have been proved equal to HFP, HFp ; therefore 
these last are equals and the line HF makes equal angles 
withFP, F/>. '- . / ' c - 

Cor. I. Perpendiculars drawn from the intersection of 
two tangents, to lines drawn from the points of contact 
through ^he focus, are equal* For HI, Ht, being drawn 
perpendicular to PF, pF, the triangles HFI, HFi, are 
manifestly equal (26^ 1, E.), and therefore HI = He. 

Cob. 3. Perpendiculars from the intersection of two 
tangents to diameters passing through the points of con- 
tact are equal. 

Draw GH^ through H perpendicular to PK, pk^ and 
because the triangles HPG, HPI have HP common to 
both, the apgles at P equal, and the angles G and I right 
angles, the triangles are in every way equal (26, 1, E.), 
and hence HG is equal to HI. In like manner it is proved 
that Hg is equal to He; but HI is equal to He, therefore 
HG is equal to Hg. 
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COKIC SECTIONS. 



PROPOSITION VI. 

j^a straight line be drawn from the intersection of two tan- 
gents to thefocuSi and another perpendicular to the direo- 
trix ; these will make equal angles with the tangents. 




Let F be the focus of a parabola, and KA the directrix ; 
and let straight lines HP, Hp, which intersect each other 
at H, touch the parabola at P andp ; also let HF be drawn 
to the focus, and HE perpendicular to the directrix; the 
angles PHE, joHF are equal. 

The same construction being made as in Prop. V. 

In the triangles HEK, HEA, it may be shown, as in 
that proposition, that HK is equal to HA, and therefore 
that the angle HKE is equal to the angle HAE (5, 1, E.). 
The angles HEK, HEA are also equal ; therefore the 
angles KHE, AHE are equal (26, 1, E.). Now the angle 
KHE =r KHP + PHE ; but the triangles KHP, FHP are 



y 



OF THE PABABOLA. 18 

in every way equal (as was shown in Prop. V.). There- 
fore KHP = FHP, and hence 

KHE = FHP + PHE = FHE + 2PHE. 
In the same way it appears that 

AHE = FH/? + joHE = FHE + 2FHp ; 
therefore FHE + 2PHE = FHE + 2FHp ; 
and hence 2PHE = 2/?HF and PHE =i»HF, 
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CONIC SECTIONS. 



PROPOSITION VII. 

If two tangents to a parabola be at the extremities of a chords 
and a third tangent be parallel to the chord; the part of 
this tangent intercepted between the other two is bisected at 
the point of contact 




Let HD, Hd be tangents at the extremities of the 
chord Ddf and KVk a tangent parallel to Dd^ meeting the 
other tangents in K and h ; the line E^ is bisected at P, 
the point of contact. 

From H, K, A, the intersections of the tangents, draw 
perpendiculars to the diameters passing through their 
points of contact, viz. HI, Ht, perpendicular to DL and 
di ; and KM, KN, perpendicular to DL and PE, and Am, 
koy perpendicular to dl and PE. 

The triangles HDI, DKM, are manifestly equiangular, 
also the triangles cZHe, dkm ; therefore 

HD:DK = HI:KM (4, 6, E.), 
and Hd\dk = He : km. 
But because KA is parallel to Dd, 

HD : DK = Hrf: dk (2, 6, E.) ; 
therefore HI : KM = Hi : km. 
Now HI = Hi (2 Cor. 5), therefore KM = km. 
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But KM = KN, and Km = Kw (2 Cor. 5) ; 
therefore KN = Kw. 
And since KN : An = KP : kP (Cor. 6, E.), • 
therefore KP = At. 

Lemma. 

Let KLZ be a triangle, having its base L/ bisected at p^ 
and let HA, any straight line parallel to the base, and ter- 
minated by the sides, be bisected at P ; then P, />, the 
points of bisection, and K, the vertex of the triangle, are 
in the same straight line ; and that line bisects Dd, any 
other straight line parallel to the base. 




•Complete the pM-allel6gram3 KHPM, KLpN. The 
triangles R$M,,- KL; being similar, and HA, LZ similarly 

divided at P and jo, 

'• «H:KLf4iHA:L;=HP:L/?, 
hence the paraMekgrfflnfe KHPM, KI^N are similar. 
Now they have a common angle at K, therefore they are 
about the same diamel^,' that isr the points K, P, p^ are 
in the same straight liiie (26,' 6rE.). 
Next, let Bd meet Kp in E,^tIieB 

HP : ©B XiS KP : KE) ^^ PA : Ed ; 
therefore DEis/eq[Ual to Erf. 
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CONIC SECTIONS. 



PROPOSITION vm. 

Anp chard parallel to a tangent is trisected by the diameter 
which passes tkrout^h the point qfconixu^ or is an ordinate 
to that diameter. 




The chord D^ which is parallel to the tangent KPA, is 
bisected at E by PE, the diameter that passes through the 
point of contact. 

Let DH, dH be tangents^ and DN, Ai diameters at the 
extremities of the chord ; let the tangent at P meet the 
other tangents in K and k, and the diameters in L and /» 
and through H draw OHo parallel to Dd, and IHt per* 
pendicular to the diameters DN, cfn. 

Because of the parallels L/, Oo, and DO, cfo, the trian- 
gles DKL, DHO are similar, also the triangles d%4 dHo, 
and the triangles OHI, oHt, therefore 
DK : DH = KL : HO, 
and dk:dEL = hi :Uo (4, 6, E.) ; 
But because Dd is parallel to KA, 

DK : DH = da : rfH (2, 6, E.), 
therefore KL : HO == «: Ho ; 
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butHO:HI = Ho:m, 

therefore, car. tsq^ KJL : HI re kl : Hi. 

Now HI = Hi (2 Cor. 5), therefore KL = A/; but KP 

= AP (7), therefore PL 53 P^ »d ED = Ed (»4y 1, E- ) 

Ck)R« 1. Straight Uues which touch a parabola* at the 

extremities of an ordinate to a . diameter intersect each 

other in that diameter ; for YJk and T)d being bisected at 

P and E5 the points H, P, E lie m a straight line. (Leh- 

MA.) 

Cor. 2. Every ordinate to a diameter is parallel to a 
tangent at its vertex : For if it be not, let a tangent be 
drawn parallel to the ordinate ; then the diameter which 
passes through the point of contact would bisect the ordi- 
nate, and thus the same line would be bisected in two dif- 
ferent points, which is impossible. 

Cor. 3. All ordinates to the same diameter are parallel 
to each other. 

GoR. 4. A straight line that bisects two parallel chords, 
and terminates in the curve, is a diameter. 

Cor. 5. The axis is perpendicular to its ordinates, and 
erery other diameter cuts its oi^inates obliquely. 



B 
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CONIC SECTIONS. 



PROPOSITION IX. 

fa tangent at any paint in a parabola meet a diameter ^ and 

from the point of contact an ordinate be drawn to that dia- 

meter ; the segment qf the diameter between the vertex and 

tangent is equal to the segment between the vertex and the 

ordinate. 




Let DH) a tangent to the curve at D, meet the diame- 
ter EP in H, and let DE^ he an ordinate to that diame- 
ter : the segment HE is bisected in P. 

Draw PK, a tangent at P, meeting the tangent DH in 
K, and draw IKt» perpendicular to the diameter PE at t, 
and meeting a diameter drawn through D at I* 

The triangles DKI, HK» are equiangular (29, 1, E.)* 
therefore IK : Kt = DK : KH (4, 6, E.) ; and because in 
the triangle DHE, KP is parallel to the side DE, DK : 
KH = EP : PH, therefore IK : Ki = EP : PH ; but IK 
and Kt are equal (2 Cor. 5), therefore EP and PH are 
equal. 
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PROPOSITION X. 



* an ordinate to any diameter pass through the focus ; Ihe 
absciss is equal to one fourth qf the parameter of that 
diameter^ and the ordinate is equal to the whole parameter. 




Let DErf, a straight line paidsing through the focus, be 
an ordinate to the diameter PE ; the absciss PE is equal 
to one fourth of the parameter, and the ordinate Dd^is 
equal to the whole parameter of the diameter PE. 

Let DH, PI be tangents at D and P ; let DH meet the 
diameter in H ; draw PF to the focus, and DL parallel to 
EP. The angles HPIj IPF, being equ^l (3), and PI pa- 
rallel to EF (2 Cor. 8), the angles PEF, PFE, are also 
equal (29, 1, E.), and PE = PF = i the parameter (Def. 
9 and Def. 1). Again, the angle HDE is equal to LDH 
(3), and therefore equal to DHE; consequently ED is 
equal to EH, or to twice EP (9) : therefore Dd is equal 
to 4EP, or to 4PF, that is^ to the parameter of the dia- 
meter. 



so 



CONIC SECTIONS, 



PROPOSITION XI. 

If any two diameters of a parabola be produced to meet a 
tangent to the curve ; tM segments of the diameters be- 
tween thfivr vertices arid Ae tangent are to me another as 
the squares of the segments of the tangent intercepted be- 
tween each diameter and the point of contadt. 




Let QH, RK) any two diameters^ be produced to meet 
PI9 a tangeot to the curve at P, in the points 6, 1 ; then, 

HG : KI = PG» : PP. 

Let PN, a semi-ordinate to the diameter HQ9 meet KR 
in O, and let PR, a semirordinate to the diameter KO, 
meet HN in Q ; £rom H'draw parallels to NO and QR, 
meeting KR in L and M; thus HL is a tangent to the 
curve, and HM a semi-oi'dinate to KR. 

Now KI = KR, and KL = KM (9) ; 
therefore, by subtraction, LI =: MR = HQ. 
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But LO = HN = HG (9) ; 

therefore, by additiovy lO = GQ, 
The triangles PGN, PIO, are similar, as also PGQ, 
PIR, 

therefore GN, or 2GH : lO = PG : PI, 
andGQ : IR, or lO : 2IK = PG : PL 
Hence, taking the rectangles of the corresponding terms^ 
2GH • lO : lO • 2IK = PG* : PI*, 
therefore GH : IK =z PG* : PI*. 
Cor. The squares of semi*ordinates, and of ordinates 
to any diameter, are to one another as their correspond- 
ing abscisses. 




Let HEA, KNA be ordinates to the diameter PN ; draw 
PG a' tangent to the curve at the vertex of the diameter, 
and complete the parallelograms PEHG, PNKI ; then PG, 
PI are equal to EH, SK, and GH, IK to PE, PN re- 
spectively ; therefore HE* i KN* = PE : PN 
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CONIC SECTIONS. 



PROPOSITION XII. 



If an ordinate be drawn to any diameter of a parabola ; the 
rectangle under the absciss and the parameter ofihe dia- 
meter is equal to the square of the semi-ordinate. 




Let KBA be an ordinate to the diameter PB ; the rect- 
angle contained by PB and the parameter of the diameter 
is equal to the square of KB, the semi-ordinate. 

Let UlEd be that ordinate to the diameter which passes 
through the focus. The semi-ordinates DE, lEd are each 
half of the parameter, and the absciss EP is one fourth of 
the parameter (10) ; 

therefore Dc? : DE = DE : PE, " 
and Dd • PE = DE* (16, 6, E.). 
ButDd-PE:Drf;PB,orPE:PB = DE*:KB»(Cor.ll), 

therefore Drf • PB = KB*. 
Scholium. It was on account of the equality of the 
square of the semi-ordinate to a rectangle contained by 
the parameter of the diameter and the absciss, that Apol- ^ 
lonius called the ciirve line to which the property belong- 
ed a Parabola. 
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PROPOSITION XIII. 

If AB, an ordinate to a diameter P6, be cut by any other 
diameter CD m D ; the rectangle AD ' DB contained by 
its segments is equal to the rectangle contained by CD, the 
segment of the other diameter between its vertex and the or- 
dinatCj and the parameter of the diameter PG. 




Draw CH, a semi-ordinate to the diameter PG, and let 
L be its parameter. 

Because AG* = L • PG (12), 

and DG* = CH» = L • PH, 

therefore AG* — DG* = L (PG — PH), 

that is (5, 2, K), AD • DB = L • CD. 

When the point D' is in AB produced, the demonstration 

requires Prop. 6, instead of Prop. 5 of 2, E. 

Cor. If a chord AB be cut by any two diameters CD, 
EF, the rectangles AD - DB, AF * FB, are to one another 
as CD, EF, the segments of the diameters between their 
vertices and the chord. 

For since AD • DB = L-CD; andAF'FB = L- EF; 
AD • DB : AF • FB = L • CD : L • EF = CD : EF. 
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CONIC SECTIONS. 



Definitions. 

XI. The straight line PH, perpendicular to a tangent 
between the point of contact P and the axis AH^ is called 
a Normal* 

XII. The segment EH of the axis between the normal 
and PE, an ordinate to the axis drawn through P, is 
called a Stdmarmal. 

» 

PROPOSITION XIV. 

A straight line drawn frofm the focus ofaparabda^ perpen" 
dicular to a tangent^ is a mean proportional between the 
straight line drawn from iJie focus to the point of contacty 
and one fourth the parameter of the axis. 




Let FB be a perpendicular from the focus upon the 
tangent PB, and FP a strj^ight line drawn to the point of 
contact ; let A be the principal vertex, and therefore FA 
equal to one fourth of the paraineter of the axis ; FB is a 
mean proportional bct^'^een FP and FA. 
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Produce FB and FA to meet the directrix in D and C, 
and join AB. The lines FC, FD are bisected at A and 
B (2 Cor. 3), therefore (2, 6, E.) AB is parallel to CD, or 
perpendicular to CF, and consequently is a tangent to the 
curve at A (1 Cor. 3). Now BP is a tangent at P, there- 
fore the angle AFB is equal to BFP (5) ; and since the 
angles FAB) FBP are right angles, the triangles FAB, 
FBP are equiangular ; hence 

FP: FB = FB: FA. 

Cor. 1. The common intersection of a tangent, and a 
perpendicular from the focus to the tangent, is in a straight 
line touching the parabola at its vertex. 

CoK. 2. If PH be drawn perpendicular to the tangent, 
meeting the axis in H, and HK be drawn perpendicular 
to PF ; PK shall be equal to half the parameter of the axis. 
For the triangles HPK, FBP, are manifestly equiangular ; 
therefore 

HP : PK = PF : FB = FB : FA = FD : FC. 
But if PD be joined, the line PD is evidently perpendicu- 
lar to the directrix (3), therefore the figure HPDF is a 
parallelogram, and HP = FD, therefore PK = FC = half 
the parameter of the axis. 

CpK. 3. ,The subnormal HE, is equal to half the para* 
meter of the axis. For the triangles PHE, DFC are in 
all respects equal ; therefore HE = FC, 
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CONIC SECTIONS, 



PROPOSITION XV. 

^from apaint in a parabola a perpendiciUar be dratan to 
any diameter , and also^ from the same pointy an ordinate 
to that diameter; the square of the perpendicular is equal 
to the redangU contained by the absciss of the dianuier and 
the parametar if the axis. 




Let P be a point in a parabola, DK any diameter, PH a 
perpendicular, and PK a semi-ordinate to that diameter ; 
the square of PH is equal to the rectangle contained by 
DK and the parameter of the axis. 

Let F be the focus, and FA the segment of the axis be- 
tween the focus and vertex, and therefore one fourth of 
the parameter ; join FD, draw DB touching the parabola 
at D, and FB a perpendicular from the focus on the tan- 
gent. The triangles PKH, FDB are similar, for the an- 
gle FDB is equal to BDH (3 Cor. 3), that is, to PKH 
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(2 Cor. 8), and the angles at B and H are right angles, 
therefore their sides are proportionals. ^ 

and KP* : PH* =z DF* : FB*. 
Bat since DF : FB = FB : FA ( 14), 

DF* : FB* = DF : FA (2 Cor. 20, 6, E.) ; 
therefore KP* : PH* = DF : FA = 4DFDK : 4FADK. 
Now KP* = 4 DF-DK { 12), therefore PH* = 4 FA'DK. 

Cor. 1. Hence, if two diameters DK, d%, on opposite 
sides of a third PQ, be at equal distances from it, semi-or- 
dinates PK, PA to the other two, drawn from P the vertex 
of the middle diameter, will cut off equal abscisses DK, 
dL For the perpendiculars PH, PA, on the two extreme 
diameters, are equal. , 

Cor. 2. And if tangents DI, dly be drawn at the ver- 
tices of the extreme diameters, they will intersect each 
other in the middle diameter QP produced. For the tan- 
gents being parallel to the ordinates (8), each will cut off 
from PQ a segment PI equal to the absciss of the dia- 
meter at the point of contact ; and the abscisses DEL, d% 
being equal, the tangents will cut off equal segments from 
PQ, and therefore wiU pass through the same point I. 

Cor. 3. And if two diameters be at equal distances from 
a third, on opposite sides, and chords be drawn from the 
vertex of the middle diameter to the vertices of the other 
two, tangents drawn parallel to the chords will intersect 
each other in the middle diameter produced. For the 
semi-ordinates PK^ PA, are the halves of chords so drawn, 
and DI, dl are tangents parallel to these chords. 
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CONIC SECTIONS. 



PROPOSITION XVI. 

Ijtt CD, any diameter hf a parabola whose vertex is C, m- 
tersect a chord AB in D ; from the ends of the chord in- 
Jlect straight Hues AE, BE, to E, any point in the curve^ 
and lei these cut the diameter in H and K, the point H 
being in AE, and K in BE ; tt^ segments AD, BD ^^Ae 
cAord *Aaff have the same ratio as the segments CH, CK 
of the diameter between its vertex and the inflected lines. 




From A, either extremity of the chord, draw AF paral- 
lel to the diameter CD, meeting BE in F. 

By similar triangles, BF : BK = BA : BD, 

andFE:KE = AF:HK; 
therefore, taking the rectangles of corresponding terms of 

the ratios, 

BF • FE : BK • KE =z BA • AF : BD • HK. 
But (Cor. 13) BF • FE : BK • KE = AF : KC = BA 
• AF: BA-KC (1, 6, E.) ; 

therefore BD • HK = BA • KC ; 
and hence BA : BD = HK : KC ; 
and, by division, AD : BD = HC : KC. 
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Cor. Let BA be any cliord in a parabola, and BI a 
tangent to the curve at one (extremity of tbe chord ; let 
any straight line DGL parallel to the axis meet the chord 
in D, the curve in C, andthe tangent in L ; the chord AB 
and the line DL will be similarly divided at D and C, that 
is, AD : DB z= DC : CL. 

Draw chords to E, any point in the curve, and let them 
meet DL in H and K : By the proposition AD : DB 
= HC : CK. 

Suppose now that the point E moves along the curve 
until at last it come to B, the point of contact of the tan- 
gent ; the line BK will then become BL, and AH will 
become AD, and the ratio of CH to CK will become the 
ratio of CD to CL ; therefore AD : DB = CD : CL. 
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CONIC SECTIONS. 



PROPOSITION XVII. PROBLEM. 

The directrix and focus of a parabola being given by posUiony 
to describe the partAolaby a mechanical construction. 




Let AB be the given directrix, and F the focus. Place 
the edge of the ruler ABKH along the directrix, and keep 
it fixed in that position. Let LCG be another ruler, of 
such a form that the side LC may slide along AB, the 
edge of the fixed ruler ABKH, and the part CO may have 
its edge CD constantly perpendicular to AB. Let GDF 
be a string of the same length as GC, the edge of the 
moveable ruler ; let one end of the string be fixed at F, 
and the other fastened to G, a point in the moveable ruler* 
By means of the pin D let the string be stretched so that 
the part of it between G and D may be applied close to 
the edge of the moveable ruler, if^hile at the same time 
the ruler slides along BA, the edge of the fixed ruler ; the 
pin D will thus be constrained to move along CG, the 
edge of the ruler, and its point will trace upon the plane 
in which the directrix and focus are situated, a curve line 
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DE, which is the parabola required. For the string 6DF 
being equal in length to GDC, if 6D be taken from both, 
there remains DF equal to DC ; that is, the distance of the 
moving point D from the focus is equal to its distance from 
the directrix, therefore the point D describes a parabola. 



PROPOSITION XVIII. PROBLEM. 

A parabola being given by position^ to find its directrix and 

fxus. 




Let DPrf be the given parabola ; draw any two parallel 
chords Dd^ Ee, and bisect them at H and K ; join KH, 
meeting the parabola in P ; the straight line PHK is a 
diameter (4 Cor. 8), the point P is its vertex, and D<t Ee 
are ordinates to it. In HP produced take PL equal to 
one fourth part of a third proportional to PH and HD, and 
draw LN perpendicular to "PL, the line LN will evident- 
ly be the directrix (12, and Dof. 9). Draw PM parallel 
to the ordinates to the diameter PK, then PM will be a 
tangent to the curve at P (2 Cor. 8). Draw LM perpen- 
dicular to PM, and take MF =ML, and the point F will 
be the focus of the parabola (2 Cor. 3). 
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CONIC SECTIONS. 



PART II. 



OF THE ELLIPSE. 



DEFINITIONS. 




I. If two points F and f be given in a plane, and a 
point D be conceived to move around tbem in such a 
manner that D/'+ DF, the sum of its distances from them, 
is always the same; the point D will describe upon the 
plane a line ABoft^ which is called an ellipse. 

II. The given points F, f are called i\\^foci of the ellipse. 

III. The point C whioh bisects tlie straight line between 
the foci is called the centre. 

IV. The distance of either focus from the centre is call- 
ed the eaxmtricity. 

y. A straight line passing through the centre, and ter- 
minated both ways by the ellipse, is called a diameter. 
VI, The extremities q£ a diameter are called its vertices. 
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VII. The diameter which passes through the foci is call- 
ed the transverse axis^ also the greater aocis. 

VIII. The diameter which is perpendicular to the trans- 
verse axis is called the conjugate axis^ also the lesser axis. 

IX. Any straight line not passing through the centre, 
but terminated both ways by the ellipse^ and bisected by 
a diameter, is called an ordinate to that diameter. 

X. Each of the segments of a diameter intercepted be- 
tween its vertices and an ordinate, is called an absciss, 

XI. A straight line which meets the ellipse in one point 
only, and everywhere else falls without it, is said to touch 
the ellipse in that point, and is called a tangent to the ellipse. 

PROPOSITION I. 



If from any point in an ellipse two straight lines be drawn to 
thefoci^ their sum is equal to the transverse axis. 

Let ARab be an ellipse, of 
which F, yare the foci, and Aa 
the transverse axis; let D be 
any point in the curve, and 
DF, jyf lines drawn to the 
foci ; D/ + DF = Aa. 

Because A, a are points in 
the ellipse, Af+ AF = aF + «/ (Def. 1 ), 
therefore Vf+ 2 AF = F/* + 2 af; 

hence 2 AF = 2 a^ and AF =: a^ 
and A/+ AF = A/+ af=z Aa, 
But D and A being points in the ellipse, 
D/ + DF = A/+ AF, therefore D/ + DF = Aa, 
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Cor. 1. The sum of two straight lines drawn from a 
point without the ellipse to the foci is greater than the 
transverse axis. And the sum of two straight lines drawn 
from a point within the ellipse to the foci is less than the 
transverse axis. 

Let PF, Vf be drawn from a point without the ellipse 
to the foci ; let Vf meet the ellipse in D ; join FD ; then 
iy+ PF is greater than D/+ DF (21, 1, E.), that is, 
than Aa. Again, let QF, Q^be drawn from a point with- 
in the ellipse; let Q/'meet the curve in D, and join FD ; 
q/"+ QF is less than D/ + DF (21, 1, R), that is, than 
A a. 

Cor. 2. A point is without or within the ellipse, ac- 
cording as the sum of two lines drawn from it to the foci 
is greater or less than the transverse axis. 

Cor. 3. The transverse axis is bisected in the centre. 
Let C be the centre, then CF = C/(Def. 3), and FA = /a, 
therefore CA = Ca. 

Cor. 4. The distance of either extremity of the conju- 
gate axis from either of the foci is equal to half the trans- 
verse axis. Let B6 be the conjugate axis ; join F6, fh\ 
Because CF = C^ and C6 is common to the triangles CFA, 
C/%, also the angles at C are right angles, these triangles 
are equal; hence F6 =/ft, and since Fi + hf^=. Aa, F6 
= AC. 

CoR. 5. The conjugate axis is bisected in the centre. 
Join/&,/B. By the last corollary 1^= ^; therefore the 
angles/BC,/6Care equal ; now/C is common to the tri- 
angles yCB, fChy and the angles at C are right angles, 
therefore (26, 1, E.) CB = C6. 



OF THE BLLIPSE. 



35 



PROPOSITION II. 




Every diameter of an ellipse is bisect in the centre. 

Let Pp be a diameter, 
it is bisected in C. For if 
Cp be not equal to CP, take 
CQ, equal to CP, and from 
the points P, /?, Q, draw 
lines to Fj^J the foci. The 
triangles FCP, fCQ hav- 
ing FC = C/, PC = CQ, 
and the angles at C equal, are in all respects equal, 
therefore FP =yQ ; in like manner it appears thatyP = 
FQ, therefore FQ+^Q is equal to FP +/P, or (Def. 1) 
to Fp +fpy which is absurd (21, 1, E.) ; therefore PC 
= Cp. 

Cor. 1. Every diameter meets the ellipse in two points 
only. 

Cor. 2. Every diameter divides the ellipse into two 
parts, which are equal and similar, the like parts of the 
curve being at opposite extremities of the diameter. 
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PROPOSITION III. 

The square of half (he conjugate axis of an ellipse is equal to 
the rectangle contained by the segments into which the trans- 
verse cujsis is divided by either focus. 




Draw a straight line from f either of the foci, to B, 
either of the extremities of the conjugate axis. 

Then BC* + C/* = B/* = Ca* (4 Cor. 1). 
But because Aa is bisected at G, 

Ca* = A/ -/a + C/* (5, 2, E.) ; 

therefore BC* + C/* = V/« + C/*» 
andBC* = A/-/a. 



PROPOSITION IV. PROBLEM. 

To find any number of points in an ellipse, having given the 

transverse axis and foci. 

Let F,fhe the foci, Aa the transverse axis, and C the 
centre. Suppose the problem resolved, and that D is a 
point in the ellipse ; join DF, T)f; take AH in the axis 
equal to DF ; then aH will be equal to jyf{l). 
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And HA — Ha = DF — D/; 
But HA — Ha = HC+ Ca — Ha = 2CH; 
therefore DF — ly = 2CH. 

Now DF < F/+ ly,- 
and hence DF — Tif A ¥f; 
therefore 2CH <Ff and CHz C/: 

Thus it appears that the point H may be anywhere be- 
tween the foci ; but that it cannot be between the foci 
and the vertices. 




Construction.— Take H, any point between the foci, 
and from F and/ as centres, with the distances HA, Ha 
describe circles, which wUl cut each other in two points 
D, 4 one on each side of the axis. These are points in 
the ellipse. 

Join DF, D/ also dF, 4f. Because DF + D/= HA 
+ Ha = Aa, therefore D is a point in the ellipse. In like 
manner it appears that rf is in the ellipse. 

In this way, by taking different points H, may any 
number of points in the ellipse be found. 

CoR. I. Any perpendicular to the transverse axis be- 
tween its extremities meets the ellipse in two points, and 
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in no more. For, if the perpendicular Dd could meet 
the curve in two points D, T/y on the same side of the 
axis, then DF, D^ also D'F, D'f, being drawn to the foci, 
DF + D/* would be equal to D^F + D'/. Now, supposing 
D' to be the point nearer to the axis, DF will be greater 
than D'F, and D/ greater than D/ (19, 1, K), and DF 
+ ly greater than DT + D/; therefore D and D' cannot 
both be points in the ellipse. 

Cob. 2. Every chord Dd^ in an ellipse, perpendicular 
to the transverse axis, is bisected by that axis, and there- 
fore is an ordinate to it. For the chord Dd in the ellipse 
is also a chord in a circle, the centre of which is in the 
axis. 

Cor. 3. Of all the straight lines that can be drawn 
from either focus to the curve, the longest is that which 
passes through the centre, and the shortest is the remain- 
der of the transverse axis. And only two equal straight 
lines can be drawn from the focus to the curve, one on 
each side of the axis. 

Scholium. From this proposition it appears that an 
ellipse is a curve, which returns into itself, -thus enclosing 
a finite area ; also, that the spaces between the curve and 
the axis on each side are alike in every way ; so that if 
the ellipse were resolved into two portions, by cutting it 
along the axis, the space ABDa, if turned over, would 
coincide entirely with the space Abda. Now it has been 
shown that the same spaces will coincide if one of them 
be reversed (2 Cor. 2) ; and then the curve ABDa will 
coincide with odbA. Hence it follows that the two axes 
divide the whole ellipse into four portions exactly alike, 
and which, by superposition, may be applied on each other. 
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PROPOSITION V. 

The straight line which bisects tJie angle adjacent to tJiat 
which is contained by two straight lines drawn from any 
point in the ellipse to the fociy is a tangent to the curve in 
thatpoint. 

O Let D be any point in 

the curve ; let DF, Df be 
^ straight lines drawn to the 
foci ; the straight line DE 
which bisects the angle 
yDG adjacent toyDF, is a 
tangent to the curve at D. 
Take H any other point in DE ; make DG = D/, and 
join H/, HF, HG,/G; let/G meet DE in L. Because 
!)/*= DG, and DL is common to the triangles lyL, DGL, 
and tlie angles yDL, GDL are equal, these triangles are 
equal, and /L = LG, and hence /H = HG (4, 1, E.), 
and FH +/H = FH + HG ; but FH + HG is greater 
than FG, that is, greater than FD +yD or Aa, there- 
fore FH + jfH is gi-eater than Aa ; hence the point H is 
without the ellipse (2 Cor. 1), and therefore DHE is a 
tangent to the curve at D (Def. 11). 

Cor. 1. There cannot be more than one tangent at the 
same point ; for D is such a point in the line DE, that 
the sum of DF, D;^ the distances of that point from the 
foci, is evidently less than the sum of HF, H/^ the dis- 
tances of H, any other point in that line ; and if another 
line KDI be drawn through D, there is in like manner a 
point K in that line which will be different from D, such, 
that the sum of FK, fTL is less than the sum of the dis- 
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tances of any other point in KI, and therefore less than 
FD + /D ; therefore the point K will be within the 
ellipse (2 Cor. 1), and the line KI will cut the curve. 

Cor. 2. A perpendicular to the transverse axis at either 
of its extremities is a tangent to the curve. The demon- 
stration is the same as for the proposition, if it be consi- 
dered that when D falls at either extremity of the axis, 
the point L falls also at the extremity of the axis ; and - 
thus the tangent DE, which is always perpendicular to 
y*L, is perpendicular to the axis. 

Cor. 3. A perpendicular to the conjugate axis at either 
of its extremities is a tangent to the curve. For the per- 
pendicular evidently bisects the angle adjacent to that 
which is contained by lines drawn from the extremity to 
the foci. 

Cor. 4. A tangent to the ellipse makes equal angles 
with straight lines drawn from the point of contact to the 
foci. For the angle yDE being equal to GDE, is also 
equal to FDM, which is vertical to GDE. 

Scholium. From the property of the ellipse which 
forms this last corollary, the points F and y* take the name 
of Fod. For writers on optics show that if a polished 
concave surface be formed, whose figure is that produced 
by the revolution of an ellipse about its transverse axis, 
rays of light which flow from one focus, and fall upon 
that surface, are reflected to the other focus ; so that if a 
luminous point be placed in one focus, there is formed by 
reflection an image of it in the other focus. 
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PROPOSITION VL 

The tangetits at the vertices of any diameter of an ellipse are 

paraUel. 

Let Fjo be a diameter, 
and HPK, hpk tangents at 
its vertices ; draw straight 
lines from P and/7 to F and 
yj the foci. The triangles 
FCF, fCp, having FC = 
/C, CP = Cp (2), and the 
angles at C equal, are in 
all respects equal ; and because the angle FPC is equal 
to Cpf, FP is parallel to ^ (27, 1, R) ; therefore Vf is 
equal and parallel to /?F (33, 1, E.), thus FP/Jo is a pa- 
rallelogram, of which the opposite angles P and/7 are equal 
(34, 1, E.). Now the angles WH^fph are evidently half 
the supplements of these angles (4 Cor. 5), therefore the 
angles FPH,^A are equal, and hence CPH, Cph are also 
equal, and consequently HP is parallel to hp. 

Cor. 1. If tangents be drawn to an ellipse at the ver- 
tices of a diameter ; straight lines drawn from either focus 
to the points of contact make equal angles with these tan* 
gents. For the angle Vpk is equal to FPH. 

Cor. 2. The axes of an ellipse are the only diameters 
which are perpendicular to tangents at their vertices. 
For let Pp be any other diameter, then PF and pV are 
necessarily unequal, and therefore the angles F/jP, FP/? 
are also unequal ; to these add the equal angles FpA, FPH, 
and the angles C/?A, CPH are unequal ; therefore neither 
of them can be a right angle (29, 1, E.). 



r 
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CONIC SECTIONS. 



PROPOSITION VII. 




If a straight line be drawn from either focus of an ellipse to 
the intersection of two tangents to the cttrve ; it will make 

eqtial angles with straight lines dratanfiom the same focus 

to the points of contact. 

Let HP, Up, tan-^ 
gents to an ellipse at 
Pand/>, intersect each 
other at H ; draw PF, 
pFy HF to F, either 
of the foci; the line 
HF makes equal an- . 
gles with FP, Fp. 

Draw Ff pf H/ to / the other focus, and in FP, 
Fp produced take PK = Ff andpk = pf; join HK, HA. 

The triangles HPK, Hiy have PK = P/, PH common 
to both, and the angles KPH, /PH equal (5), there- 
fore they are in every way equal (4, 1, E.), and have 
HK = H/I In the same way it may be shown that the 
triangles Upk^ Ujf are in every way equal, and therefore 
that HA = H/ 

The triangles HFK, HFA have HK = HA (for each is 
equal to Hf), HF common to both, and FK=FA, because 
each is equal to PF+I/or j!>F +pf that ie, to the trans- 
verse axis ; therefore they are in all respects equal, and 
the angle HFK is equal to the angle HFA ; wherefore HF 
makes equal angles with FP and Fp. 

Cor. Perpendiculars drawn from the intersection of 
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two tangents to straight lines drawn from either focus 
through the points of contact, are equal. 

Let HI, Hi be perpendiculars drawn from H, the in* 
tersection of the tangents PH, pH. on the lines FP, Fp. 
The triangles HFI, HFt, are in all respects equal (26, 1, 
E.), therefore HI = Hi, 



PROPOSITION VIII. 

StraigM lines drawn from tlie intersection of two tangents to 
the foci, make eqtial angles with the tangents. 




Let F,y*be the foci of an ellipse, and let straight lines 
HP, Hjo, which intersect each other at H, touch the el- 
lipse at P and />, also let HF, H/* be lines drawn to the 
foci; the angles PHF, pH/are equal. 

The same construction being made as in Prop. VII. be- 
cause the angles FHK, YUk are equal, 
andFHK = FHP +PHK = FHP +PH/= 2FHP+FH/, 
and in like manner 

FHA = FHp + pIU = FH/? + pUf = 2/Hjo + FH/, 
therefore 2FHP-hFH/= 2/Hjo+FH/, 
ahd hence 2FHP = 2^n/>, and FHP =/Hp. 
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CONIC SECTIONS. 



PROPOSITION IX. 



If two tangents to an ellipse be at like extremities of a chords 
and a third tangent be parallel to the chord ; the part of this 
tangent intercepted by the other ttvo is bisected at the point 
of contact. 




Let HD, Hd be tangents at the extremities of the chord 
jydy and KP^ a tangent parallel to Dd, meeting the other 
tangents in K and k ; the intercepted segment KA is bi- 
sected at P, the point of contact. 

From the points of contact D, P, r/, draw lines to F, 
either of the foci, and from H, K, A, the intersections of 
the tangents, draw perpendiculars to the lines drawn from 
the points of contact to the focus, viz; HI, Ht perpendicu- 
lar to DF, dF ; and KM, KN perpendicular to FD, FP ; 
and knij kn perpendicular to F^, FP. 

The triangles DHI, DKM are manifestly equiangular, 
also the triangles c/He, dkm ; 

therefore DH : DK =z HI : KM (4, 6, E.), 
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and da : dk= Hi : km ; 
but because J^d is parallel to KA, a side of the triangle 
HKA, 

DH : DK = dH : dk (2, 6, K), 
therefore HI : KM = Hi : km. 

Now HI = He (Cor. 7), therefore KM = km ; but KM 
z=: KN and km^^kn (Cor. 7), therefore KN = ^; and 
since from the similar triangles KPN, APn, KN : kn == KP: 
AP, therefore KP is equal to AP. 



PROPOSITION X. 

Any chord parallel to a tangent^ is bisected by the diam^er 
thai passes through the point of contact ; or it is an ordi^ 
note to that diameter. 




The chord DE^f, which is parallel to KA, a tangent at 
P, is bisected at E by the diameter PC/?. 

Draw L/?/, a tangent at p^ the other end of the diameter, 
and DH, dRj tangents at D and d^ the extremities of the 
chord, meeting the other tangents in K, A, and L, / : Then 
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KPA and L/?/are bisected at P and/? (9) ;. therefore the 
diameter P/i, when produced, will pass through H, and 
bisect Ddj which is parallel to KA or L/, in E. (Lemma 
to Prop. 8, Part I.) 

Cor. 1. Straight lines which touch an ellipse in the ex- 
tremities of an ordinate to any diameter, intersect each 
other in that diameter produced. 

Cor. 2. Ev^y ordinate to a diameter is parallel to a 
tangent at its vertex : for if not, let a tangent be drawn 
parallel to the ordinate ; then the diameter drawn through 
the point of contact would bisect the ordinate ; and thus 
the same line would be biscfcted in two different points, 
which is absurd. 

Cor. 3. All the ordinates to the same diameter are paral- 
lel to each other. 

Cor. 4. A straight line that bisects two parallel chords, 
and terminates in the curve, is a diameter. 

Cor. 5. The ordinates to either axis are perpendicular 
to that axis : and no other diameter is perpendicular to its 
ordinates. 

PROPOSITION XL 

If a tangent to an ellipse meet a diameter^ and from the point 
of contact an ordinate he dravm to that diameter ; the semi- 
diameter will be a mean proportional between the segments 
of the diameter intercepted between the centre and the ordi- 
nate^ and between the centre and the tangent 

Let DH, a tangent to the ellipse at D, meet the diame- 
ter P;? produced in H, and let DErf be an ordinate to that 
diameter ; CE : CP = CP : CH. 
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Through P and />, the vertices of the diameter, draw 
the tangents PK, /?L, meeting DH in K and L ; draw 
PF, />F, to either of the foci, join DF, and draw KM and 
KN perpendicular to FD and FP, also LO and LI per- 
pendicular to FD and Fp. 



0.__- -y\^ 




The triangles PKN, /?LI, are equiangular ; for the 
angles at N and I are right angles, and the angles NPK 
IpL are equal (1 Cor. 6) ; therefore 

PK : joL = KN : LI (4, 6, E.) = KM : LO (Cor. 7). 
But the triangles KDM, LDO, heing manifestly equian- 
gular, 

KM : LO = KD : LD ; 
therefore PK : />L = KD : LD. 
But because of the parallel lines PK, ED, jdL, the tri- 
angles HPK, HpL, are equiangular ; and the lines HL, 
H/7, are similarly divided in K, D, and in P, E (10, 6, E.), 
hence 

PK : jdL = HP : H», and KD : LD = PE :joE; 

therefore HP : Hp = PE : /?E. ' 

Take CG = CE, and then PE = joG, and by conversion 

HP:Pp=PEiEG; 
and taking the halves of the. cotisequents, 

HP : PC = PE : EC ; 
and by composition, HC : PC = PC : EC. 
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Cor. 1. The rectangle PE * E/> is equal to the rectangle 
HE • EC. 
For PC* = HC • CE (17, 6, E.) 

= HE-EC + EC* (3,2, E.) ; 
also PC* = PE • Ep + EC* (5, 2, E.) ; 
therefore HE • EC = PE, Ep. 
Cor. 2. The rectangle PH * Up is equal to the rectangle 
EH • HC. 

For HC* = PH • Hj^ + CP* (6, 2, E.) ; 
and HC* = EH • HC + EC • HC (1, 2, E.), 
= EH • HC + CP* (by the Prop.) ; 
therefore PH • Ho = EH • HC. 



PROPOSITION XII. 



If a diameter of an eUipse he parallel to the ordinates to another 
diameter ; the latter diameter is parallel to the ordinates 
to the former. 



L 



K 




Let Q;, a diameter of an ellipse, be parallel to DEc/, any 
ordinate to the diameter P/> / the diameter Vp shall be 
parallel to the ordinates to the diameter Q^. 
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Draw the diameter dCd through one extremity of the 
ordinate J^d^ and join d and D, the other extremity of the 
ordinate, meeting Qq in 6. Becaase di is hisected in C 
(2), and C6 is parallel to dS}y the line DcT in bisected afe 
6 (2, 6/E.) ; therefrare DcT ia an ordinate to the diameter 
Q^ (Def* 9), and because di and Dd axe bisected at C 
and E, the diameter Pj9 is parallel to Dd (2, 6, E.); 
therefore Vp is parallel to any ordinate to the diameter 



DEFINITIONS. 

XIL Two diameters are said to be conijugaie to one 
another when each is parallel to the ordinates to the other 
diameter. 

Cor. Diameters which are conjugate to one another are 
parallel to tangents at the vertices of each otb^. 

XIII. A third proportional to any diameter and its coo* 
jugate is called the Pofameter^ also the Lotus Rectum of 
that diameter. 
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PROPOSITION XIII. 

If cm. ordimxte be drawn to any diameter of an ellipse ; the 

< 

rectangle contained by the segments of the diameter tvHl be 
to the square of the semi-ordinate as the square of the dia- 
meter to the square of its conjugate. 



Q 



d^ 




7 

Let DEc/ be an ordinate to the diameter Pp, and let 
Q; be its conjugate, 

PE • Ep : DE» = Pj»* : Qy*. 
Let SLDL, a tangent at D, meet the diameter in K, and 
its conjugate in L : draw DG parallel to Vp^ meeting Q9 
in 6. Because CP is a mean proportional between GE 
andGK(ll), 

CP* : CE» = CK : CE (2 Cor. 20, 6, E.), 
and, by division, CP» : PE • Ep = CK : KE. 
But because ED is parallel to CL, 

CK : KE = CL : DE or CG, 
and because CQ is a mean proportional between CG and 
CL (11), 

CL : CG = CQ» : CG' or ED* (2 Cor. 20, 6, E.), 
therefore CP* : PE • :^ = CQ* : DE*, 
and, by inversion and alternation, 

PE • Ep : DE* = CP* : CQ' = Pp* : Q?». 
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Cor. 1. The squares of semi-ordinates and of ordinates 
to any diameter of an eUipse are to one another as the 
rectangles contained by the con'esponding abscisses. 

Cor. 2. The ordinates to any diameter, which intercept 
equal segments of that diameter from the centre, are equal 
to one another ; and, conversely, equal ordinates intercept 
equal segments, of the diameter from the centre. 

Cor. 3. If a circle be described upon Aa^ either of the 
axes of an ellipse, as a diameter, and DE, de^ any two 
semi-ordinates to the axis, meet the circle in H and A, 
DE shall be to de as HE to he. 




For DE* : rfe* = AE • Ea : Ae • m = HE* : A^*, 
therefore DE : cfe = HE : A 

Cor. 4. If a circle be described on Aa the transverse 
axis as a diameter, ^nd DE, any ordinate to the axis, be 
produced to meet the circle in H ; HE shall be to DE as 
the transverse axis Aa to the conjugate axis B6. For, 
produce the conjugate axis to meet the circle in K, then, 
by last corollary, 

HE : DE = KC, or AC : BC = Aa : B^. 

Cor. 5. And if HE be divided at D, so that HE is to 
DE as the transverse axis to the conjugate axis, D is a 
point in the ellipse, and DE a semi-ordinate to the axis Aa, 
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PROPOSITION XIV. 

In Bft, the anQugate axi$ qf an ellipse, kt there be taken on 
eaeh Hde of the centre G, straight lines CK, Ck, each a 
Jburth proportional to OF, the eeeeniriciiy, and CA, CB, 
half the transverse and conjugate axes : If then from P, a 
vertex of any diameter , there be drawn PH perpendictdar 
to'Bb ; the sguare of the semi-dianieter PC will have to 
the rectangle contained by the segments KH» kHy the con- 
stant ratio of the square of CF to the square qfCB. 




Draw PL perpendicular to the transverse axis* 
Because (13 of this, and 5,«29 E.) 
CA» : CB* := CA* — CL* : PL*, 
and, by division, 
CA*— CB»[: CB* = CA* ~ (CL* + PL*) : PL* ; 
therefore (4 Cor. 1, and 47, 1, E.) 
CF* : CB* = CA* — PC* : PL* or CH*. 
But, by hypothesis, CF* : CB* =: CA* : CK*; 
therefore CA* : CK* = CA* —PC* : CH*, 
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and hence (19, 5, E.) ' 
PC* : CK* — CH* = CA* : CK*, 
and (5, 2, E.) 
PC» : KH • HA = CA* : CK* = CF* : CB». 

Cor. 1. Hence the squares of any semi-diameters PC, 
QC, are to one another as the rectangles KH ' HA, 
KI * lA, contained by the s^ments of the line KA, be- 
tween its extremities, and perpendiculars from the verti- 
ces of the diameters. 

CoR. 2. The transverse axis is the greatest diameter, 
and the conjugate axis the least ; and a diameter which is 
nearer to the transverse axis is greater than one more 
i^mote* 

By hypothesis, CF: CA= CB: CK, therefore CK is 
greater than CB, and the points KL, A, are without the 
ellipse : Suppose now a semi-diameter PC to turn about 
C, and that in every position PH is perpendicular to ICA .* 
The rectangle KH * HA will manifestly be greatest when 
PC coincides with AC, and least when it coincides with 
BC, and will decrease continually while PC passes from 
the position AC to BC ; therefore the same will be true 
of the revolving semi-diameter PC, the square of which 
has a constant ratio to the rectangle KH * HA. 

Cor. 3. Diameters which make equal angles with the 
transverse axis on opposite sides of it are equal ; and only 
two equal diameters can be drawn, one on each side of 
the transverse axis. 
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PROPOSITION XV, 

If an ordinate be drawn to any diameter of an ellipse, the 
rectangle under the abscisses of the diameter is to the square 
of the semi-ordinate as the diameter to its parameter. 




Let DE be a semi- 
ordinate to the dia- 
meter Pp, let PG be 
the parameter of the 
diameter, and Qq the 
conjugate diameter. 
By the definition of 
the parameter (Def. 
13), 
Pp:Qq = QqiPG, 

therefore P/> : PG = Pp* : Q?* (2 Cor. 20, 6, E.). ^ 

But Pp» : Qg* = PE • Ep : DE* (13), 

therefore PE • Ej» : DE* = Pp : PG. 

Cob. Let the parameter PG be perpendicular to the 

diameter Pp ; join />G, and from E draw EM parallel to 

PG, meeting pG in M. The square of DE, the semi- 

ordinate, is equal to the rectangle contained by PE and 

EM. 

For FEEp: DE» = Fp : PG, 

and Pp : PG : : Ep : EM = PE • Ep : PE • EM, 
therefore DE* = PE • EM. 
Scholium. If the rectangles PGLp, HGKM, be com- 
pleted, it will appear that the square of ED is equal to 
the rectangle MP, which rectangle is less than the rect- 
angle KP, contained by the absciss PE and parameter 
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P0« by a rectangle KH similar and sinularly situated to 
LP, the rectangle contained by the diameter and para- 
meter. It was on account of the deficiency of the square 
of the ordinate from the rectangle contained by the ab- 
sciss and parameter that ApoUonius called the curve line, 
to which the property belonged, an ellipse. ' 



PROPOSITION XVI. 

If from the vertices of two cof^ugate diameters of an ellipse 
there be drawn ordinates to any third diameter ; the square 
of the segment of that diameter intercepted between either 
ordinate and the centre is equal to the rectangle contained 
by the segments between the other ordinate and the vertices 
of the same diameter. 

Let P/?, Qq 

be two conjugate 

diameters, "^ and 

PE, Q6 semi-ordi- 

nates to any third 

diameter Rr; CO* 

=RE-Er,andCE* 

=RGGr. 

Draw the tangents PH, QK meeting Rr in H and K. 

The rectangles HC • CE and KC • CG are equal, for each 

is equal to CR» (11), therefore HC : CK = CG : CE- 

But the triangles HPG, CQK are evidently similar 
(Cor. Def. 12), and PE being parallel to QG, their bases 
CH, KC are similarly divided at E and G, therefore 
, HC : CK = HE : CG, wherefore CG : CE = HE : CG, 
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eofiseqiieiitly CO^ = CE * EH := (1 Cor. 11) RE • Er. 
la like manner it may be shown that GE^ = RO * 6r. 

Cor. L Let Ss be the diameter Hiat id conjugate toRr, 
then Rr is to & as CG to PE, or as CE to Q6. 

For R^* : S#* = RE • Er, or CG* : PE* ; 
therefore Hr : S« : : CO : PE. 
In like manner Rr : S^ : : CE : QG. 

Cor. 2. The sum of the squares of CE, CG, the seg- 
ments of the diameter to which the semi-ordinates PE, 
QG are drawn, is equal to the square of CR the semi-dia- 
meter* 

For CE* + CG* =s CE* + RE • Br = CR» (6, 2, E.) 
CoR. 3, The sum of the squares of any two conjugate 
diameters is equal to the sum of the squares of the axes. 

Let Rr, Ss be the axes, and Pp, Qq any two conjugate 
diameters ; draw PE, QG perpendicular to Rr, and PL, 
QM perpendicular to S«. Then 
CE* + CG» = CR% 
and CM* + CL*, or GQ* + PE* = CS*, 
therefore CE* + PE* + CG* + GQ* = CR* + CS* ; 
that is (47, 1, E.), CP* + CQ* = CR* + CS*, 
therefore Pjo* + Qy* = Rr* + S«*. 
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PROPOSITION XVIL 

If four straight lines be drawn txmching an ellipse at the v«r- 
Uces of any two conjugate diameters ; the paraUehgram 
formed by tiiese lines is equal to the rectangle contained by 
the transverse and conjugate axes. 




Let Pp, Qq be any two conjugate diameters ; a paral- 
lelogram DE6H formed by tangents to the curve at their 
vertices is equal to the rectangle contained by Aa, Bft, 
the two axes. 

Produce Aa, one of the axes, to meet the tangent PE 
in K ; join QK, and draw PL, QM perpendicular to Aa. 
Because CK : CA =z CA : CL (11), 
and CA : CB = CL : QM (1 Cor. 16), 
ex «q. CK : CB = CA : QM, 
therefore CK • QM = CB • CA (16, 6, R). 
But CKQM=twice trian.CKQ=paral.CPEQ(41,l,E.), 

therefore the parallelogram CPEQ = CB • CA, 
and taking the quadruples of these, the parallelogram 
DEGH is equal to the rectangle contained by Aa and Bft. 
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PROPOSITION XVIII. 

If two tangents at the vertices of any diameter of an ellipse 
meet a third tangent; the ret^angk contained by their seg- 
ments between the points of contact andthe points of inter- 
section is equal to the square of the semi-diameter to which 
they are parallel : and the redxmgle contained by the seg^ 
ments of the third tangent between its point of contadt and 
the parallel tangents is equal to the square of the semi-dia- 
meter to which it is parallel. 




Let PH, ph^ tangents at the vertices of a diameter P/?, 
meet HDA, a tangent to the curve at any point D, in H 
and h : let GQ be the semi-diameter to which the tan- 
gents PH, ph are parallel, and CR that to which HA is 
parallel: 

PH \pA = CQS and DH • DA = CR». 

If the tangent HDA be parallel to Pp, the proposition is 
manifest. If it be not parallel, let it meet the semi-diame- 
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ters CP, CQ, in L and K. Draw DE, RM parallel to 
CQ, and DG parallel to CP. 

Because LP • Lp = LE • LC (2 Cor. 11), 
LP:LE=LC:Lp; 
hence, and because of the parallels PH, ED, CK, joA, 

PH:ED = CK:j»A; 

wherefore PH -joA = ED • CK. 

But ED • CK = CG • CK = CQ* (11), 

therefore J?U'ph = CQ*. 

Again, the triangles LED, CMR are evidently similar, 

and LD, LE similarly divided at H and P, also at A and/?, 

therefore PE : HD = (LE : LD = ) CM : CR, 

also pE: AD = (LE :LD =) CM: CR; 

heoce, taking^the rectangles of the corresponding terms, 

PE 'pB : HD • AD : : CM* : CR* (3 Cor. 20, 6, E.). 
But if CD be joined, the points D and R are evidently the 
vertices of two conjugate diameters (Cor. Def. 12), and 
therefore PE -pE = CM* (16) ; 

therefore HD • AD = CR*. 
Cor. The rectangle contained by LD and DK, the seg- 
ments of a tangent intercepted between D the point of 
contact, and Pp, Q^, any two conjugate diameters, is 
equal to the square of CR, the semi-diameter to which the 
tangent is parallel. 

Let the parallel tangents PH, pk meet LK in H and A, 
and draw DE a semi-ordinate to P/ju Because of the 
parallels PH, ED, CK, />A, 

LE : LD = EP : DH, 
andEC:DK:: EptDA^- 
thcreforeLEECiLD-DK:: EPEp:DH -DA. 
But LE • EC = EP • Ep (1 Cor. 11), 
therefore LD • DK = DH • DA = (by this Prop.) CR*. 
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PROPOSITION XIX. 

If two straight lines be drawn from the foci of an ellipse per- 
pendicular to a tangent ; straight lines drawn from the 
centre to the points in which they meet the tangent will 
each be equal to half the transverse axis. 

Let DPd be a tan- 
gent to the curve at 
P, and FD, fd per- 
pendiculars to the 
tangent from the fo- 
ci ; the stndght lines 
joining the points G, 
D, and C, d^ are each 
equal to AC, half the 
transverse axis. 

Join FP,/P, and 
produce FD,/P till 
they intersect in E. The triangles FDP, EDP have the 
angles at D Vight angles, and the angles FPD, EPD 
equal (4 Cor. 5), and the side DP common to both ; they 
are therefore equal, and consequently have ED = DP, and 
EP = PF, therefore E^FP+iy= Aa. Now the straight 
lines FE, Vf being bisected at D and C, the line DC is 
parallel to E^ and thus the triangles FCD, VfE are simi- 
lar : 

therefore FC : CD = F/'./E or Aa. 
But FC is half of Vf therefore CD is half of Aa. In like 
manner it may be shown that Cd is half of Aa. 

Cor* If the diameter Qq be drawn parallel to the tan- 
gent Drf, it will cut oflF from PF, P/* the segments PG, P^, 
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each equal to AC half the transverse axis. For Cc/PG, 
CDP^are parallelc^ams, therefore PG = dC = AC, and 
Vg =DC = AC. 



PROPOSITION XX. 

The rectangle contained by perpendumlars drawn from the 
foci qf aia elKpse to a tangent is equal to the square of half 
the cofffugaie axis. 

Let JiPd (fig. Prop. 19) be a tangent, and FD, fd^ 
perpendiculars from the foci ; the rectangle contained by 
FD and fd is equal to the square of CB half the conju- 
gate axis. 

It is evident, from the last proposition, that the points D, 
d are in the circumference of a circle whose centre is the 
centre of the ellipse, and radius CA half the transverse 
axis ; now VJ)d being a right angle, if dG be joined, the 
lines DF, dCy when produced, will meet at H, a point in 
the circumference ; and since FC = fCj and CH = Cc/, 
and the angles FCH, fCd are equal, FH is equal to fd; 
therefore 
DF • df= DF • FH = AF • Fa (35, 3, E.) = CB* (3). 

Cor. If PF, Vf be dravni from the point of contact to 
the foci, the square of FD is a fourth proportional to yP, 
FP and BC*. For the lines /P, FP make equal angles 
vjdth the tangent (4 Cor. 5), and fdF, FDP are right 
angles, therefore the triangles ^Td^ FPD are similar, and 
/P : FP =fd : FD =fd ' FD or CB» : FD». 

DEFINITION. 

XIV . A perpendicular to a tangent to the curve at the 
point of contact is called a Normal to the curve. 
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PROPOSITION XXL 

If from C the centre of an ellipse a straight line CL be draum 
perpendicular to a tangent LD, and from D the point of 
contact a normal he draum meeting the transverse axis in 
H and the conjugate axis in h ; the rectangle containedby 
CL and DH is equal to the square of GB, the semi-con^ 
jugeAe axis ; and the rectangle contained by CL and DA is 
equal to the square of CA, the semi-transverse axis. 
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Produce the axes 
to meet the tangent 
in M and m, and 
from D draw the 
semi-ordinatesDE, 
De, which will be 
perpendicular to 
the axes. 



The triangles DEH, CLm are equiangular, therefore 
DH : DE = Cwi : CL; hence CL • DH = DE • Cm. 
But DE • Cm, or Ce • Cm = BC» (11), 
therefore CL • DH = BC*. 
In the same way it is shown that CL ' DA = AC^. ^ 

Cor. 1. The segments DH, DA of a normal intercepted 
between the point of contact and the axes, are to each 
other reciprocally as the squares of the axes by which 
they are terminated. 

For AC* : BC* : : CL • DA : CL • DH : : DA : DH. 
Cor. 2. If DF be drawn to either focus, and HK be 
drawn perpendicular to DF, the straight line DK shall 
be equal to half the parameter of the transverse axis. 
Draw CG parallel to the tangent at D, meeting DH in 
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N, and DF in G. The triangles GDN, HDK are simUar, 
therefore GD : DN = HD : DK, 

and hence GD • DK = HD • DN. 

But GD = AC (Cor. 19), and ND = CL, 

therefore AC • DK = HD • CL = (by the Prop.) CB» ; 

wherefore AC : BC = BC : DK ; 

hence DK is half the parameter of Am (Def.lS). 

DEFINITION. 




XV. If a point G be taken in the transverse axis of an 
ellipse produced, so that the distance of G from the centre 
may be a third ^proportional to CF the eccentricity, and 
CA the semi-transverse axis ; a straight line HGA, drawn 
through G perpendicular to the axis, is called the diredrix 
of the ellipse. 

Cor. 1. If MFm, an ordinate to the axis, be drawn 
through the focus ; tangents to the ellipse at the extremi- 
ties of the ordinate will meet the axis at the point G (11). 

Cor. 2. The ellipse has two directrices, for the point G 
may be taken on either side of the centre. 
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PROPOSITION XXII. 

27lc distance of any point in an ellipse from either diredrix 
is toils distance from the focus nearest that diret^rix in 
the constant ratio of the send-^tramterse axis to the eccen- 
tridtp. 

Let D be any point 
in the ellipse, let DK be 
drawn perpendicular to 
the directrix, and let DF 
be drawn to the focus 
nearest the directrix ; 
DK is to DF as CA, half, 
the transverse axis, to 
CF, the eccentricity. 
Draw Df to the other focus, and DE perpendicular to 
Aa ; take L a point in the axis, so that AL = FD, and 
consequently La = Vf; then CL is evidently half the 
difference between AL and aL, or FD and/D, and CE 
half the difference between /E and FE ; and because 
D/+DF:/Fz=/E — FE:D/— DF(K,andl6af6,E.). 
By taking the halves of the terms of the proportion, 

C A : CF = CE : CL. 
But CA : CF = CG : CA (Def. 15), 
therefore CG : CA = CE : CL ; 
hence (19, 5, E.) EG : AL = CGj CA = CA : CF, 

that is, DK : DF = CA : CF. 
Cor. 1. If the tangent GMN be drawn through M, the 
extremity of the ordinate passing through the focus, and 
ED be produced to meet GM in N, EN shall be equal to 
DF. For draw MO perpemlicular to the directrix, then, 
because M and D are points in the ellipse. 
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FM : FD = MO : DK = FG : EG. 
But the triangles GFM, GEN being sinular, 

FG:EG = FM:EN; 
therefore FM : FD = FM : EN, md h^oce FD ^^ EN. 
.Cor. 2. If AI and ai be drawn perpendicular to the 
transverse axis at its extremities, meeting the tangent GM 
in I and e, then AI = AF and ai = aF. 

For GA : AF = OM : MF = GF : MF = GA : AI, 
therefore AF = AI ; and, in like manner, it may be shown 
that aF = ai, 

PROPOSITION XXIIL Problem. 

Two unequal straight lines which bisect each other at right 
angles being given by position ; to describe an ellipse qf 
whieh these may be the two axes^ by a mechanical con- 
striction. 

Let Aa be the transverse^ 
and B6 the conjugate axes. 
About either extremity of the 
1^ conjugate axis as a cei|tre» 
with a radius equal to CA, 
half the transverse axis, de- 
^ scribe arcs cutting that axis 

in F and/; these points will be the foci (4 Cor. 1). Let 
the ends of a string equal in length to Aa be fastened at 
the points F, f, and let the string be stretched by a pin 
at D, and while it is kept uniformly tense, let the point of 
the pin be carried along the plauQ about the centre C, till 
it return to the place from whaQce it set out By this 
'motion the point of the pin will trace on the plane a curve 
which, iviy be the ellipse Required, as is evident from the 
definition of the ellipse. 




^J 
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PROPOSITION XXIV. 



An ellipse being given by position ; tojind its axes. 



H B 




Let ABab be the given ellipse ; draw two parallel chords 
HA, KA, and bisect them at L and M ; join LM, and pro- 
duce it to meet the ellipse in P and p^ then Vp is a dia- 
meter (4 Cor. 10). Bisect Vp in C ; the point C is the 
centre of the ellipse (2). 

Take D any point in the ellipse, and on C as a centre, 
with the distance CD, describe a circle. If this circle be 
wholly without the curve, then CD must be half the trans- 
verse axis ; but if it be wholly within the curve, then CD 
must be half the conjugate axis (14). If the circle neither 
be wholly without nor wholly within the ellipse, let the 
circle meet it again in d. Join Dd and bisect Dd in E ; 
join CE, and produce CE to meet the ellipse in A and a : 
then Aa will be one of the axes (5 Cor. 10) ; for it is per- 
pendicular to the line Dd (3, 3, E.), which is an ordinate 
to Aa ; the other axis "Bh will be found by drawing a 
straight line through the centre perpendicular to aA. 
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PART III. 



OF THE HYPERBOLA. 



DEFINITIONS. 




L If two points F,/be given in a plane, and a point D 
be conceived to move in such a manner that ly— DF, the 
difference of its distances from them, is always the same ; 
the point D will describe upon the plane a line DAD^ 
called an HyperhcHa. By assuming first one of the given 
points F, and then the other ^ as that to which the mov- 
ing point is nearest, the difference of the lines DF and D^ 
in botli cases being the same, there will be two hyperbolas 
DAD', dad' described, opposite to each other, which are 
therefore called Opposite Hyperbolas. 

Cor. The lines DF, Df may become greater than any 
given line, therefore the hyperbolas extend to a greater 
distance from the given points F,^tban any which can be 
assigned. 
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II. The given points F,/are called the Foci of the hy- 
perbola. 

III. The point C, which bisects the straight line be- 
tween the foci, is called the Centre. 

rV. The distance of either focus from the centre is 
called the Eccentricity. 

V. A straight line passing through the centre, and ter- 
minated by the opposite hyperbolas, is called a JVansverse 
Diameter. It is also sometimes called simply a Diameter. 

VI. The extremities of a diameter are called its Ver- 
tices. 

VII. The diameter which passes through the foci is 
called the TVangverse Axis. 

Cor. The vertices of the transverse axis lie between the 
foci. Let A be either of the vertices, then, because any 
side of a triangle is greater than the difference between 
the other two sides, Ff\s greater than/*D — ^DF, which is 
equal to /A — FA (Def. 1). Now this can only be true 
when A is between F and /I 

VIII. A straight line B6 passing through the centre, 
peipendicular to the transverse axis, and limited at B and 
6 by a circle described on one extremity of that axis, with 
a radind equal to the distance of either focus from the 
centre, is called the Conjugate Axis. It is also called the 
Second Axis. 

Cor. The conjugate axis is bisected in the centre. This 
appears from 3, 3, E. 

IX. Any straight line terminated both ways by the hy- 
perbola, and bisected by a transverse diameter produced, 
is called ati Ordinate to that diameter. 

X. Each of the segments of a transverse diameter pro- 
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doeedy inieroepted by its yertices and an ordinate, is call- 
ed an Absciss. 

XI. A straight line which meets the hyperbola in ooj^ 
point only, and which everywhere else falls without th^ 
opposite hyperbolas, is said to (ouch the hyperbola in that 
point, and is called a Tangent to the hyperbola. 



PROPOSITION I. 

ffjrom any point in an hyperbola two Mraight lines be draMm 
io ihefoci, their difference is equal to the transverse axis. 




Let DA, da be opposite hyperbolas, of which F,/are 
the foci and Aa the transverse axis ; let D be any point 
in the curve, and DF, D/* lines drawn to the foci ; 

D/— DF=Aa. 
Because A and a are points in the hyperbola, 
A/-.AF=aF— q^(Def. 1), 
therefore Ff—2AF=Ff—2ftf; 
hence 2AF=z2af, and AFziqfy 
and Af—AF=Af—af=zAa. 
But D and A being points in the hyperbola, 
D,— DF=A/'— AF, therefore ly— DF=Afl. 



70 CONIC SECTIONS. 

Cor. 1. The difference of two straight lines drawn from 
a point without the opposite hyperbolas to the foei is less 
than the transverse axis, and the difference of two straight 
lines drawn from a point within either of them to the foci 
is greater than the transverse axis. 

Let Pff PF be lines drawn from a point without the hy* 
perbolas, that is, between the curve audits conjugate axis. 
The line PF must necessarily meet the curve ; let D be 
the point of intersection ; lyis less than PD 4- 1)/* (20, 1, 
R), therefore ly— PF is less than (PD + D/) — PF, 
that is, less than D/ — DF, or Aa. Again, let Q/^ QF be 
lines drawn from a point within either of the hyperbolas, 
Q/* must necessarily meet the curve ; let D be the point 
of intersection, join FD ; QF is less than QD + DF, and 
therefore Q/— QF is greater than Q/— (QD + DF), 
that is, greater than Df — DF or Aa. 

Cor. 2. A point is without or within the hyperbolas, 
according as the difference of two lines drawn from that 
point to the foci is less or greater than the transverse axis. 

Cor. 3. The transverse axis is bisected in the centre. 
Let C be the centre ; then CF = C/ (Def. 3), and FA = 
/dy therefore CA = Ca. 



Lemma I. 

Let APB be a triangle^ of which the side PA is greater 
than the side PB ; draw a straight line from P, the ver- 
tex, to O, the middle of the base AB, and straight lines 
AQ, BQ, to any point in PO ; the line QA wiil be greater 
than the line QB ; and the excess of PA above PB will 
be greater than the excess of QA above QB. 



OF THE HYPERBOLA. 



71 



Draw AC perpendicular to PO, and BD parallel to it, 
meeting AC in D ; and join QD, PD, this last line meet- 
ing QB in E. 




The triangles AOP, BOP have AO = BO, PO com- 
mon to both, and PA greater than PB, therefore the 
angle AOQ is greater than the angle BOQ (25, 1, E.) ; 
and hence againj^ in the triangles AOQ, BOQ, the line 
AQ will be greater than BQ (24, 1, E.). 

Aid because CO is parallel to DB, and AO = OB, 
therefore AC = CD (2, 6, E.). The triangles ACP, DCP 
have thus AC = DC, CP common, and the angle ACP 
equal to DCP, therefore PA = PD ; and in the same way 
it appears that QA = QD. 

And since PA is greater than PB, and QA than QB, 
therefore PD is greater than PB, and QD than QB- 
Again, since DE + EQ>DQ, 
therefore DE + EQ — QB>DQ — QB ; 
that is, DE — EB>AQ — QB ; 
also, since PB<PE + EB, 
therefore DP — PB>DP — PE — EB ; 
that is, AP — PB>DE — EB. 
Now it was shown that DE— EB>AQ — QB; 
much more then is AP — PB> AQ — QB. 
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PROPOSITION U. 

Every transverse diameter of an hyperbola is bisected in the 

centre. 

Let Pp be a transverse 
,^ diameter ; it is bisected in 
C; for if CP and Cp be 
unequal, take CQ equal to 
GP ; from the points P, p, 
Q, draw straight lines to 
F and /the foci. The tri- 
angles PCF, QC/haveCP 
equal to QC and CF equal 
to Gf (Def. 3), and the 
angles at C equal, there- 
fore they are in every way 
equal, and PF is equal to Q^ In the same way, it ap- 
pears that the triangles PC^ QCF are equal, and that Pf 
is equal to QF ; therefore ¥f— PF = QF — Q^; but be- 
il^ause P and p are pcdnts in the hyperbola ly*— PF'=:/»F 
— J2^ therefore pF — pf= QF — Q/I Now this is im- 
possible, becausoi, by the preceding Lemma, pF '^pf'j QF 
— Q/"; therefore GP and Cp are not unequal, that is, they 
are equal. 

Gor. 1. Every transverse diameter meets the hyperbola 
in two points only. 

Gor. 2. Every transverse diameter divides the opposite 
hyperb<das into two parts which ore equal and similar, 
the like parts being at opposite parts of the diameter. 
From whicli it follows that the opposite hyperbolais may 
be applied one upon the otha:, so as entirely to coincide. 
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PROPOSITION III. 



The square of half the conjugate axis of an hyperbota is equal 
to the rectangle contained by (he straight Unes between eiSker 
focus and the extremities (fthe transverse axis. 




Draw a straight line &om A, -either ^ 4he extremities 
of the transverse axis, to B, either extremity of the con- 
jugate axis. Then, BC^+CA*=r BA* (47, 1, E.) = CF* 
(Def. 8). But because Aa is bisected at C and produced 
toF, 

CF* = AF • Fa + CA* (6, 2, E.), 
therefore BC* + CA* = AF • Fa +^CA* ; 

and BC* == AF • Fa. ' 
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Lemma II. 

Let ABC be a triangle, of which the side B A is greater 
than the side BC ; draw BE perpendicular to the side AC, 
and straight lines AD, CD to any point in BE ; the line 
DA will be greater than the line DC ; and the excess of 
DA above DC will be greater than the excess of BA above 
BC. 




A C E c 

First, let the perpendicular BE fall without the trian- 
gle ABC, and let AD meet BC in H. 

The angle DCA is greater than BCA ; but BCA being 
an obtuse angle, is greater than BAC, which is acute ; 
and again BAC is greater than DAC ; much more then is 
DCA greater than DAC ; therefore DA is greater than 
DC (19, 1, E.). 

And since AH + HB > AB, 
therefore AH + HB — BC > AB— BC ; 
that is, AH — HC > AB— BC. 
Again, since CD < DH + CH, 
therefore AD— CD > AD— DH— CH ; 
that is, AD— CD > AH— CH. 
But it was shown that AH— CH > AB— BC ; 
much more then is AD — DC > AB-— BC. 
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Next, let the perpendicular fall within the triangle 
ABC; take EC=E(7, and join BC, DC ; then BC=BC, 
and DC=DC, therefore DA >DC', 

and BA— BC=BA— BC, 
also DA— DC=DA— DC; 
hut DA— DC > B A— BC, 
therefore DA— DC >BA— BC. 



PROPOSITION IV. PROBLEM. 

To find any number of poirds in an hyperbola, haim$ig given 

the transverse axis and foci. 




Let F,/be the foci, Aa the transverse axis, and C the 

centre. Suppose the problem resolved, and that D is a 

point in the hyperbola. Join DF, D/: Take AH in the 

axis equal to DF ; then aH will be equal to J^f (Def. 1), 

and HA+Ha=DF+iy; 

but HA+Ha=HC+Ca+Ha=2CH, 
therefore DF+]y=2CH. 
Now DF+D/> Vf 
therefore 2CH > ^and CH > C/ 
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TbxLB it iippears that the point H cannot bfe between the 
fold F,^ and that it may be anywhere in the line I^ pro- 
duced both ways. 

Construction.— Take H, any point in the axis pro- 
duced both ways, except between F and y the foci, and 
from F andyas centres, with the distances HA, Ha, de- 
scribe circles which will cut each other in two points D, d, 
one on each side of the axis. These are points in the 
hyperbola. 

Join DF, JQf, also «BF, df. Because DF — ly = H A 
— Ha=Aa, therefore D is a point in the hyperbola ; and 
in like manner it appears that is? is a point in the hyper- 
bola. 

In this way may any number of points in the hyperbola 
be found. 

Cor. !• Any perpendicular to the transverse axis which 
meets it produced either way, will cut the curve in two 
points, and in no more. For if the perpendicular Dd could 
meet the curve in two points D, IK, on the same side of 
the axis, then DF, D^ also D'F, jyj^ being drawn to the 
foci, DF — ly would be equal to D'F — D/J which is im- 
possible (Lemma 2). 

Cor. 2. Every chord Dd in an hyperbola, perpendicular 
•to the transverse axis, is bisected by that axis, and. there- 
fore is an ordinate to it. 

•Cor. 3. Of all the straight lines which «an be drawn 
from either focus to either of the opposite hyperbolas, the 
shortest is that which parses through the centre (being 
produced if necesisiary } ; ai^d only two equal straight lines 
can be drawn from either focus to one of the opposite hy- 
perbolas, viz. one line on each side of the centre. 

Scholium. From this .proposition it appears that the 
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opposite hyperbolas recede continually from the foci and 
from the axis, and that they are entirely separated from 
each other, their nearest approach being at the vertices 
of the transverse axis. Also, that if the space Dad, bound- 
ed by either, were resolved into two by cutting it along 
the axis CH, the portions on each side of the axis would 
entirely coincide if one were turned over on the other. 
Now it was shown that the opposite hyperbolas might be 
applied one upon the other, viz. the curve Dcui on dAA 
(2 Cor. 2), therefore the transverse axis divides the op- 
posite hyperbolas into four spaces, indefinite in extent, 
but which are exactly alike, and may be placed one on an- 
other, so as entirely to coincide. 
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PROPOSITION V. 



The straight line which bisects the angle contained by two 
straight lines draumfrcm any point in the hyperbola to the 
Jbcii is a tangent to the curve at that point. 




Let D be the point in the curve ; let DF, Dfhe straight 
lines drawn to the foci ; the straight line DE which bi- 
sects the angle /DF, is a tangent to the curve. 

Take H any other point in DE ; take DG=I)^ and join 
H/, HF, HG,/& ; let /G meet DE in L. Because D/ 
= DG, and DL is common to the triangles D/L, DGL, 
and the angles /DL, GDL are equal, these triangles are 
equal, and /L = LG, and hence /H = HG (4, 1, E.) ; 
and FH — /H z= FH — HG : but since FH is less than 
FG + GH, FH — HG is less than FG, that is, less than 
FD — fD or Aa, therefore FH — /H is less than Aa ; 
hence the point H is without the hyperbola (2 Cor. 1), 
and consequently DHL is a tangent to the curve at D 
(Def. 11). 

CoK. 1. There cannot be more than one tangent to the 
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hyperbola at the same point. For D is such a point in 
the line DE, that the difference of the lines DF, D/^ 
the distances of that point from the foci, is greater 
than the difference of FH, jfH, the distances of H, any 
other point in that line ; and if another line ¥J) be drawn 
through D, there is in like manner a point K in that line 
which will be different from D, such that the difference 
of FK,/K is greater than the difference of the distances 
of any other point in KD, and therefore greater than 
FD — /D ; therefore the point K will be within the hy- 
perbola (2 Cor. 1), and the line KD will cut the curve. 

Cor. 2. A perpendicular to the transverse axis at either 
of its extremities is a tangent to the curve. The demon- 
stration is the same as for the proposition, if it be consi- 
dered that when D falls at either extremity of the axis, 
the point L falls also at the extremity of the axis, and 
thus the tangent DE, which is always perpendicular to 
yXi, is perpendicular to the axis. 

Cor. 3. Every tangent to either of the opposite hyper- 
bolas passes between that hyperbola and the centre. Let 
the tangent DL meet the axis in E. Because DE bisects 
the angle FD/, 

FD :/D : : FE :/E (3, 6, E.). 

But FD is greater than fD (Def. 1), therefore FE is ^ 
greater than/E, and hence E is between C and the vertex 
of the hyperbola to which DE is a tangent. 

Scholium. From the property of the hyperbola which 
forms this proposition, the points F and /are called ^oa; 
for rays of light proceeding from one focus, and falling 
upon a polished surface whose figure is that formed by 
the revolution of the curve about the transverse axis, are 
reflected in lines passing through the other focus. 
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PROPOSITION VI. 

The tangents at the vertices qfany transverse diameter of an 

hyperbola are parallel. 

Let P/7 be a diameter, 
HP) hp tangents at its 
vertices ; draw straight 
lines from P and p to F 
axidff the foci. The tri- 
angles FCPji/Cp, having 
FC r= /C, CP ;= Cp (2), 
and the angles at C equal, 
are in all respects equal ; 
and ^ because the angle 
FPC is equal to Cgf, FP is parallel to fp (27, 1, E.), 
therefore iy*is equal and parallel to pF (33, 1, EO : thus 
FP^ is a parallelogram of which the opposite angles P 
and p are equal (34, !,£•)• Now the angles FPH, fph are 
the halves of these angles (4), therefore the angles FPH, 
^A, and hence CPH, CpA, are also equal, and consequent- 
ly HP is parallel to hp. 

Cor. 1. If tangents be drawn to an bjrperbola at the 
vertices of a transverse diameter, straight lines drawn 
from either focus to the points of contact make equal 
angles with these tangents ; for the angle Fph is equal to 
FPH. 

Cor. 2. The transverse axis is the only diameter which 
is perpendicular to tangents at its vertices. For let Pp 
be any other diameter. The angle CPH is less than FPH, 
that is^ less than the half of FP^ therefore CPH is less 
than a right angle. 
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PROPOSITION VII. 



If a sttaight line he drawn from either focus qfan hjfperholat 
to the intersecticm qftwota9ige9dsio the curve ; Uwitt make 
eqtuU angles tvith straight lines drawn from the same focus 
to the points of contact. 




Let HP, Hp, tangents to an hyperbola at P and /?, in- 
tersect each other at H ; draw PF, />F, HF to F, either of 
the foci ; the line HF makes equal angles with FP, Fp. 

Draw P^ pf H/, to /, the other focus, and in FP, 
Yp take PK = P/and ph = pf; join HK, HA. 

The triangles HPK, Hiyhave PK = ly, PH common 
to both, and the angles KPH, y*PH equal (5) ; there- 
fore they are in every way equal, and have HK = H/I 
In the same way it may be shown that the triangles HpA, 
H^are in every way equal, and therefore that HA = H/I 

The triangles HFK, HFA have HK = HA (for each is 
equal to H/*)) HF common to both, and FK=FA, because 

F 
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each is equal to PF — 'Pfor pF — pf^ that is, to the trans- 
Terse axis ; therefore they are in all respects equal ; and 
the angle HFK is equal to the angle HFk ; wherefore HF 
makes equal angles with FP and Vp. 

Cob. Perpendiculars drawn from the intersection of 
two tangents to straight lines drawn from either focus 
through the points of contact are equal. Let HI, Hi be 
perpendiculars drawn from H, the intersection of the tan- 
gents PH, pR on the lines FP, Vp. The triangles HFI, 
HFt are in all respects equal (26, 1, £•) ; therefore HI 

=:Hl. 



PROPOSITION VIII. 



Siraight lines drawn from the intersection of two tangents to 
thefoci^ make equal angles with the tangents. 

Fig. 1. 
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Fig. 2. 




Let F, / be the foci of an hyperbola, and let straight 
lines HP, Up, which intersect each other at H, touch the 
hyperbola at P and p ; also let HF, H/* be lines drawn to 
die foci ; and let FH be produced to any distance O, the 
angles PHO, joHyare equal. 

The same construction being made as in Prop. 7,. be- 
cause the angles FHK, FHA are equal, the angles KHO, 
AHO are equal. 

r=KH/+/HO^ 
Now KHO } = 2PH/+/HO, 
C=2PHO— /HO, 

andm0( = *«^-/««' 
l=2pH/— /HO; 

therefore 2PHO = 2pH/, and PHO = />H/ 

When the tangents are drawn to opposite hjrperbolas 

(fig. 2), the demonstration is the same as the above, except 

that the angle AH/ being equal to twice the supplement 

of pH/, PHO = Supp. pHf, and consequently PHF = 

pH/ 
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PROPOSITION IX. 

If two tangents to an hyperbola be at the eairemitiesofachordy 
and a third tangent beparaUd to the chords the part of this 
tangent intercepted by the other two is bisected at the point 
of contact. 



JD 




Let HD, Hd be tangents at the extremities of the chord 
"Dd ; and let K/^, a tangent parallel to D J, meet the other 
two tangents in K and A. The intercepted segment Kiis 
bisected at P» the point of contact. 

From the points of contact D, P, d^ draw lines to F, 
either of the foci ; and from H, K, A, the intersections of 
the tangents, draw perpendiculars to the lines drawn from 
the points of contact to the focus, viz. HI, He perpendicular 
to DF, JF, and KM, KN perpendicular to FD, FP, and 
Am, kn perpendicular to Vd, FP« 

The triangles DHI, DKM are manifestly equiangular, 
also the triangles dHt, dkm ; 

therefore DH : DK = HI : KM (4, 6, E.), 
and dR : cK = Ht : km. 
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But because JM is parallel to Kky a side of the triangle 
HKA, I>Ji:J)Kz:dHL;dk(2, 6, R), 

therefore HI : KM = Ht^ km. 
Now, HI = Ht (Cor. 7), therefore KMzz km; but KM 
= KN, and km = kn (Cor. 7), therefore KN ^ kn; and 
since from the similar triangles KPN, APn, KN : kn 
= KP : AP, therefore KP is eqoal to AP. 



Lemma III. 

Let KL/ be a triangle, having its base hi bisected at p, 
and let HA, any straight line parallel to the base, and ter- 
minated by the sides produced, be bisected at P, then P, 
Pi the points of bisection, and K, the vertex of the triangle, 
are in the same straight line, and that line bisects Dc/, any 
other line parallel to the base. 




Join KP, Kp ; the triangles KHA, KL/ being similar, 
and HA, U similarly divided at P, J9, 

KH : KLs(HA : U) HP : Lp. 
'Now the angles at H and L are equal, therefore the trir 
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angles KHP, KLp are similar, and the angle PKH is 
equal to ^KL ; to each add the angle HKp, and the angles 
PKH, UKp are equal to />KL, HK/>, that is, to two right 
angles ; therefore KP, Kp are in the same straight line 
(14, 1, E.) 

Next let Bd meet KP in E, then 

HP : DE (=PK : EK)=PA : Erf, 

But HP = PA, therefore DE = Erf. 



PROPOSITION X. 



Any chord paraUel to a tangent is bisected by the diameter 
whichpasses through the point (^contact ; or it istmcrdi^ 
note to that diameter. 




The chord DErf, which is parallel to KA, a tangent at 
P, is bisected at E by the diameter VCp. 
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Draw L/7, a tangent at p, the other end of the diameter, 
and DH, dH tangents at D and d^ the extremities of the 
chord, meeting the other tangents in K, k and L, /. Then 
KPA and Lp/ are bisected at P and i> (9), therefore the 
diameter T?py when produced, will pass throiigh H, and bi- 
sect Dc/, which is parallel to K>& or L/ in E. (Lemma 3.) 

Cor. 1. Straight lines which touch an hyperbola in the 
extremities of an ordinate to any diameter, intersect each 
other in that diameter. 

Cor. 2. Every ordinate to a diameter is parallel to « 
tangent at its vertex ; for if not, let a tangent be drawn 
parallel to the ordinate ; then the diameter 4i»wn through 
the point of contact would bisect tiie ordinate, and thus 
the same line would be bisected in two di£Ferent points, 
which is absurd. 

dm. 3. All the ordinates to the same diameter are pa- 
rallel to each other. 

CoR. 4. A straight line that bisects two parallel chords, 
and terminates in the curve, is a diameter. 

Cob. 5. The ordinates to either axis are perpendicular 
to that axis, and no other diameter is perpendicular to its 
ordinates. 
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PROPOSITION XL 

if a tangent tomhyperbola meet a transverse diameter^ and 
from ihepomtof contact an ordinate be drawn to that dia^ 
meter y the semi-^ameter wM be a mean proportional be- 
tween the segments of the diameter ^ intercepted between the 
centre and the ordinate^ and between the centre and the 
tangent. 



D 




Let DH, a tangent to the hyperbola at D, meet a trans- 
verse diameter Pp in H, and let DE^ be an ordinate to 
that diameter, then CE : CP = CP : CH. 

Through P and />7 the vertices of the diameter, draw 
the tangents PK, />L, meeting DH in K and L ; draw PF, 
pF to either of the foci, join DF, and draw KM and KN 
perpendicular to FD and FP, and also LO and LI per- 
pendicular to FD and Vp. 
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The triangles PKN, pLI are equiangular, for the angles 
at N and I are right angles, and the angles NPK, IpL 
are equal (1 Cor. 6) ; therefore 
PK iph^zKN : LI (4, 6, E.) = KM : LO : (Cor. 7.) 
But the triangles KDM, LDO being manifestly equi- 
angular, KM : LO=rKD : LD ; 
therefore PK : pL=:KD : LD. 
But because of the parallel lines PK, ED, />L, the tri- 
angles HPK, HpL are equiangular, and the lines HL, 
Up are similarly divided in K, D, and in P, E (10, 6, E.) 
hence 

PK : /iL=HP : Hp, and KB : LD=PE : /?E ; 
therefore HP : Hp=:PE : pB. 
Take C6=CE, and then PE=j9G, and, by composition, 

HP:Pi?=PE:EG; 
and taking the halves of the consequents, 

HP:PC = PE:EC, 
and, by division, HC : PC=:PC : EC. 

Cor. 1. The rectangle PE ' Bp is equal to the rect- 
angle HE • EC. 

ForPC*=HC-CE(17,6,E.)=EC*— HE-EC (1,2, E.), 
also PC* =EC* — PE • E;p (6, 2, E.) ; 
therefore HE • ECrsPE • Ep. 
Com. 2. The rectangle PH ' Hp is equal to the reoio 
angle HE - HC. 

For HC* zsCP* — PH • Hp (5, 2, E.) 

and HC* =EC • HC -^ EH ' HC (1, 2, E.) = 

CP* ~ EH • HC (by the Proposition) ; 

therefore PH • Hp^EH • H& 
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PROPOSITION XIL 

If a tcmgenJt to an hyperbola meet the cov^ugate axU^ ana from 
the point of contact a perpendicular be drawn, to thai axtSy 
the semi-axis will be a mean proportional between the seg^ 
ments of the axis intercepted between the centre and tht per* 
pendicular^ and between the centre and the tangent. 




Let DH, a tangent to the hyperbola at D^ meet the 
conjugate axis B& in H, and let D6 be perpendicular to 
that axis, then CG : GB = CB : CH. 

Let DH meet the transverse axis in K ; draw DE per- 
pendicular to that axis ; draw DF, I)/*to the foci, and de* 
scribe a circle about the triangle D^F; the conjugate 
axis will evidently pass through the centre of the circle ; 
and because the angle FD^ is bisected by the tangent 
DK, the line DK will pass through H, the intersection of 
the conjugate axis with the circumference ; therefore the 
circle passes through H. Draw DL to the other extre- 
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mity of the diameter. The triangles LOD, KCH are simi- 
lar, for each is similar to the right-angled triangle LDH9 
therefore 

LG:GD(orCE)=CK:CH; 

hence LG • CH=CE • CK=CA* (11). 

Now LC • CH=CF* (36, 3, R), 

therefore LC • CH — LG • CH=CF* — CA* ; 

that is, CG • CH = CB* (Def. 8), 

wherefore CG : GB=CB : CH. 



DSriNITION. 




XII. If through A, one of the vertices of the transverse 
axis, a straight line HAh be drawn, equal and parallel to 
Bb the conjugate axis, and bisected at A by the trans- 
verse axis ; the straight lines CHM, Chm drawn through 
the centre, and the extremities of that parallel, are called 
Asymptotes, 

Cob. 1. The asymptotes of two opposite hyperbolas are 
common to both. Through a, the other extremity of the 
axis, draw Jl'ah', parallel to B6, and meeting the asymp- 
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totes of the hyperbola DAD' in H' and A'« Because aC is 
equal to AC9 oB! is equid to Ah, and ah! to AH. 

Cor. 2. The asymptotes are diagonals of a rectangle 
formed by drawing perpencUculars to the axes at their 
vertices ; for the lines AH, CB, aH, being equal and pa- 
rallel, the points H, B, H', are in a straight line parallel 
to Aa ; the same is true of the points A, b% hi. 



PROPOSITION XIII. 

The asymptotes do not meet the hyperbola ; and if from any 
point in the curve a sttaigM line he drawn parallel to the 
amjvgate axis, and terminated by the asymptotes j the rect- 
angle contained by its segments between that point and the 
asymptotes is equal to the square of half the conjugate axis. 




Through D, any point in the hyperbola, draw a straight 
line parallel to the conjugate axis, meeting the tranererse 
axis in E, and the asymptotes in M and m; the points 
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M and tn are without the hyperbola, and the rectangle 
MD ' Dm is equal to the square of BG. 

Draw D6 perpendicular to B6 the conjugate axis; let 
a tangent to the curve at D meet the transverse axis in 
K, and the conjugate axis in L, and let a perpendicular at 
the vertex A meet the asymptote in H. Because DK is 
a tangent, and DE an ordinate to the axis, CA is a mean 
proportional between CK and CE (11) ; and therefore 
CK : CE = CA* : CE* (2 Cor. 20, 6, E.). 
ButCK:CE = LC:LG, 
and CA* : CE* : : AH* : EM*, 
therefore LC : LG : : AH* : EM*. 
Again, CB being a mean proportional between CL and 
CG (12), 

LC : CG=CB* : CG*, 
and therefore, by composition, 
LC : LGzz CB* : CB* + CG*, or CB* + ED* ; 
wherefore AH* : EM* =CB* : CB* + ED*. 
NowAH* = CB* (Def. 12), 
therefore EM* = CB* + ED*, 
consequently EM* is greater than ED*, and EM greater 
than ED, therefore M is without the hyperbola. In like 
manner it appears that m is without the hyperbola, there- 
fore every point in both the asymptotes is without the hy- 
perbola. Again, the straight line M»i, terminated by the 
asymptotes, being manifestly bisected by the axis at E, 

ME*=MD • Dm +DE* (5, 2, E.) 
but it has been shown that 

ME»=BC*+DE*, 
therefore MD • Dw=BC*. 
CoR. 1. Hence, if in a straight line Mm, terminated by 
the asymptotes, and parallel to the conjugate axis, there 
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be taken a point D such that the rectangle MD * Dm is 
equal to the square of that axis, the point D is in the 
hyperbola. 

Con. 2. If straight lines MDm, NOt^ he drawn through 
D and R, any points in the hyperbola, or opposite hyper- 
bolas, parallel to the conjugate axis, and meeting the 
asymptotes in M, m^ and N, », the rectangles MD ' Dm, 
NR * Rn are equal. 



N 



PROPOSITION XIV. 

The hyperbola and its asymptote, when produced, cantinucdly 
approach to each other, and the distance between them be- 
comes less than any given line. 




Take two points E and O in the transverse axis pro* 
duced, and through these points draw straight lines pa- 
rallel to the conjugate axis, meeting the hyperbola in D, 
R, and the asymptotes in M, m and N, ts. 



OF THE HYPERBOLA. 9^ 

Because NO* > ME* 

and NR • Ite=MD • Dm (2 Cor. 13), 

therefore NO* — NR • R» > ME* — MD • D«i ; 

that is, RO* > DE*, 
and RO > DE. 
Now On > Em, 
therefore Rn > Dm ; 
and since R« : Dm=DM : RN (2 Cor. 13), 

DM>RN, 
therefore the point R is nearer to the asymptote than D, 
that is, the hyperbola, when produced, approaches to the 
asymptote. 

Let S be any line less than half the conjugate axis ; 
then, because Dm, a straight line drawn from a point in 
the hyperbola, parallel to the conjugate axis, and termi- 
nated by the asjrmptote on the other side of the transverse 
axis, may evidently be of any magnitude greater than AA, 
which is equal to half the conjugate axis. Dm may be a 
third proportional to S and BC ; and since Dm is also a 
third proportional to DM (the segment between D and 
the other asymptote) and BC, DM may be equal to S; 
but the distance of D from the asymptote is less than DM, 
therefore that distance may become less than S, and con- 
sequently less than any given line. 

Cor. Every straight line passing through the centre 
within the angles contained by the asymptotes through 
which the transverse axis passes, meets the hyperbola, 
and therefore is a transverBe diameter ; and every straight 
line passing through the centre within the adjacent angles 
falls entirely without the hyperbola. 

Scholium. The name asymptotes (nan concurrentes) 
has been given to the lines CH, CA, because of the pro- 
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petty they hare of eontinuaUy approaching to the hyper- 
bola without moeting it, as has been proved io this pro- 
position. 



PROPOSITION XV. 

If from twopoints in an hyperbola, or opposite hyperbolas, 
two paralkt straight lines be drawn to meet the asyn^- 
lotes, the rectat^ks contained by their segments between 
the points and the tuymptotes are equal 
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Let D and 6 be tivt> points in the hyperbola^ or oppo- 
site hyperbolas ; let parallel lines EDe, HGk be drawn to 
meet the asymptotes in E^ €, and H, h ; the rectangles 
ED • De, H€K * GA ar« equal. 

Through D and G draw stndglit lines parallel to the 
eonjagate axis^ meeting the asyioiiptotes in the points L, l^ 
and M,'m. The triangles HGM, EDL are mmilar, as also 
the triangles hGm^ eDL 

tberefoi^ DL : DE = GM : GH, 
andD/:Dc = Gm: GA; 
heneoy taking the rectangles of the corresponding terms 
of the proportions, 

LD -IM: ED • D6=MG Gw: HG • GA; 
but LD • D/=MG • Gm (2 Cor. 13), 
therefore ED • Dc = HG • GA. 

Cor. 1. If a straight line be drawn through D, c/, two 
points in the same or opposite hyperbolas, the segments 
DE, cfe between those points and the asymptotes are equal. 
For in the same manner that the rectangles ED ' Th^ 
GH * GA have been proved to be equal, it may be shown 
that the rectangles "Ed * de^ HG * GA are equal, there- 
fore ED * De = "Ed * de. Let "Ee be bisected in O, then 
ED • De = EO*— OD*, and Erf • efe = EO*— Orf», there- 
fore EO» — OD* = EO* — Od* ; hence OD = Orf, and 
ED = ed. 

Cor. 2. When the points D and d are in the same hy- 
perbola, by supposing them to approach till they coincide 
at P, the line "Ee will become a tangent to the curve at 
P. Therefore any tangent KPA, which is terminated 
by the asymptotes, is bisected at P, the point of contact. 

Cor. 3. And if any straight line KPA, limited by the 
asymptotes, be bisected at P, a point in the curve, that 

a 
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line is a tangent at P. For it is evident tbat only one line 
can be drawn through P, which shall be limited by the 
asymptotes, and bisected at P. 

Cor. 4. If a straight line be drawn through D, any 
point in the hyperbola, parallel to a tangent KPA, and 
terminated by the asymptotes at E and 6, the rectangle 
ED * T>e is equal to the square of PK or Pk, the segment 
of the tangent between the point of contact and either 
asymptote. The demonstration is the same as in the pro- 
position. 

Cor. 5. If from any point D in an hyperbola (fig. 2) 
a straight line be drawn parallel to P/7, any diameter, 
meeting the asymptotes in E and «, the rectangle ED * D^ 
is equal to the square of half that diameter. The demon- 
stration is the same as in the proposition. 

PROPOSITION XVI. 

If two straight lines be drawn fivm any point in an hyper- 
bola to the asymptotes^ ant^from any other point in the same 
or opposite hyperbolas two other lines parallel to the for- 
mer be drawn to meet the same asymptotes ; the rectangle 
contained by the first two lines mil be equal to the rectangle 
contained by the other two lines. 

From D, any point in the hyperbola, draw DH and DK 
to the asymptotes, and from any other point d draw dh 
and dk respectively parallel to DH and DK, and meeting 
the asymptotes in h and k. The rectangles HD • DK, 
hd * dk are equal. 

Join D, rf, meeting the asymptotes in E, e. From simi- 
lar triangles 
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ED : DH = Erf : dh, 
and eD : DK = ed : dk; 
therefore, taking the rectangles of the corresponding terms^ 
ED • Da : HD • DK = Erf • rffe : M • dk; 

hut ED • De = Erf • rffe (1 Cor. 15), 
therefore HD • DK = hd * dk. 




Cor. 1. If the lines D'K', D'H', dk', dk\ he parallel to 
the asymptotes, and thus form the parallelograms D'K'CH', 
dk'Ch', these are equal to one another (14, 6, R). And if 
D'C, rfC be joined, the halves of the parallelograms, or the 
triangles D'K'C, MC are also equal. 

CoE. 2. If from D', rf, any two points in an hyperbola, 
straight lines IXK, dk' be drawn parallel to one asymp- 
tote, meeting the other in K' and A', these lines are to each 
other reciprocally as the distances of K' and kf from the 
centre, or DTK' : dk :: Ck' : CK. This appears from last 
corollary, and 14, 6, E. 
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DEFINITIONS. 




XIII. If Aa be the transverse axis and B6 the conjugate 
axis of two opposite hyperbolas DAD, dady and if Bi be 
the transverse axis and Aa the conjugate axis of other two 
opposite hyperbolas EBE, ebe^ these hyperbolas are said 
to be cov^ugate to the firmer. When all the four hyperbo- 
las are mentioned they are called conjugate hyperbolas. 

* Cor* The asymptotes of the hyperbolas DAD, dad are 
also the asymptotes of the hyperbolas EBE, ebe. This is 
evident from Cor. 2 to Definition 12. 

XIV. Any diameter of the conjugate hyperbolas is call- 
ed a second diameter of the other hyperbolas. 

Cob. Every straight line passing through the centre, 
within the angle of the asymptotes through ^hich the cop- 
jugate axis passes, and terminated by the opposite hyper- 
bolas, is a second diameter of the hyperbola. 

XY. Any straight* line not passing through the centre, 
but terminated both ways by the opposite hyperbolas, and 
bisected by a second diameter, is called an ordinate to that 
diameter. 
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PROPOSITION XVII. 

Any straight line not passing through the cemtre^ but terminated 
by the opposite hyperbolasj and parallel to a tangent to 
either of the confygate hyperbolas, is bisected by the second 
diameter that passes thraagh the point of contcu^y or is an 
(ordinate to that diameter. 




The straight line Dd terminated by the opposite hyper« 
bolas, and parallel to the tangent KQ^,- ia bisect^ .at E 
by Qq, the diameter that passes through the point of con* 
tact. 

Let J)d meet the asymptotes in G and g, and let the 
tangent meet them in K and h. The straight lines 6^, 
¥A are evidently similarly divided at E and Q ; and since 
KQzzQh (2 C!or. 15), therefore 6E = % ; how DG =s 
gd (1 Cor. 15), therefore BE=tEd. 

Cor. L Every ordinate to a lieeond diameter is parallel 
to a tangent at its vertex. The demonstration is the 
same as in Cor. 2, Prop. 10. 

Cob. 2. All the ordinates to the same second diameter 
are parallel to each other. 

Cor. 3. A straight line that bisects two parallel straight 
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lines which terminate in the opposite hyperbolas is a se- 
cond diameter. 

Cor. 4. The ordinates to the conjugate or second axis 
are perpendicular to it, and no other second diameter is 
perpendicular to its ordinates. 

Cor. 5. The opposite hyperbolas are similar to one an- 
other, and like portions of them are in all respects equal. 

PROPOSITION XVIII. 



If a transverse diameter of an hyperbola be parallel to the 
ordinates to a second diameter ; the latter shall be parallel 
to the ordinates to the former. 

Let P/>, a transverse 
diameter of an hyperbola, 
be parallel to DGo^^ any 
ordinate to the second 
diameter Q^; the second 
diameter Q^ shall be pa- 
rallel to the ordinates to 
the diameter Vp. 

Draw the diameter dCd through one extremity of the 
ordinate d!D^ and join d and D, the other extremity, meet- 
ing Pp in E. Because dd is bisected at C, and CE is pa- 
rallel to c^D, the line D^ is bisected at E, therefore Jid 
is an ordinate to the diameter Pp. And because Dc/ and 
dd are bisected at O and C, the diameter Q^^is parallel 
to Dd (2, 6, E.) ; therefore (2 Cor. 17) Qq is parallel to 
any ordinate to the diameter Vp. 
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DEFINITIONS. 

XVI. Two diameters are said to be anyugate to one an^ 
other wheo each is parallel to the ordinates to the other 
diameter. 

CoR. Diameters which are conjugate to one another are 
parallel to tangents at the vertices of each other* 

XVII. A third proportional to any diameter and its con- 
jugate is called the Parameter, also the Lotus rectum of 
that diameter. 

PROPOSITION XIX. 

The tangent at the vertex of any transverse diameter of an 
hyperbola^ which is termmated by the asymptotes, is equal 
to the diameter that is conjugate to that transverse diameter. 




Let PCp be any transverse diameter of an hyperbola, 
HPA a tangent at its vertex, meeting the asymptotes in 
H and A, and Qq the diameter which is conjugate to P/>; 
the tangent HA is equal to the diameter Q^. 



t^- 
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Through D, any point in the hyperbola, draw a straigfat 
line parallel to the tangent and diameter, cutting either 
of the conjugate hyperbolas in d^ and the asymptotes in I 
and f, and through D and d draw lines parallel to B&, the 
conjugate axis, meeting the asymptotes in the points K, 
k^ and L, /. The triangles DIK, dIL are similar, as also 
tDA, idly therefore 

KD : DI : : Ld : <fl, 
and AD : Di : : ftf : di ; 
therefore, taking the rectangles of the corresponding 
terms, 

KD • DA : ID • Df : : Lrf • Iff : Irf • rfi.; 
But KD • DA=BC» (IS), and BC»= Lrf<B (6 Cor. 16), 

therefore D) * Di = U * di. 
Now ro • Di = HP* (4 Cor. 15), 
and Id • di = QC» (5 Cor. 15) ; 
therefore HP* = QC*, and HP = QC, 
and consequently HA = Q j^. 
Cob. 1. If another tangent be drawn to the curve at j9, 
meeting the asymptotes in H' and A', the straight lines 
which join the points H, H^ also A, A^ are tangents to 
the conjugate hyperbolas at Q and q. For />H, as well as 
PH, is equal and parallel to CQ ; therefore the points H, 
Q, H', are in a straight line parallel to Pj9, and HQ=:HQ 
(34, 1, E.), therefore (3 Cor. 15) HQH' is a tangent to 
the curve at Q. In like manner it appears that hqhS is a 
tangent at q. 

Cor. 2. If tangents be drawn at the vertices of two 
conjugate diameters, they will meet in the asymptotes, 
and form a parallel<^am, of which the asymptotes are 
diagonals. 



OF THE HYPEBBOLA. 105 



PROPOSITION XX- 

If a tangent to anhjfperbcJa meet a aecond diameter ^ and from 
the point of contact an ordinate be drawn to that diameter ; 
half the second diameter will be a mean proportional be- 
tween the segments of the diameter j intercepted between the 
centre and the ordinate^ and between the centre and the tan^ 




Let DLy a tangent to the curve at D, meet the second 
diameter Qq in' L, and let DGd be an ordinate to that 
diameter; then 

CG : CQ = CQ : CL. 

Let Pj9 be the diameter that is conjugate to Qq; let HPA 
be a tangent at the vertex, terminated by the asymptotes ; 
through D draw the ordinate HEd to the diameter P/?, 
meeting the asymptotes in M and m ; Jet K be the inter- 
section of DL and Pp. Because DK is a tangent at D, 
and DEdf an ordinate to Pj^, GP is a mean proportional 
between GE and GK (II), and thec^fore 
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CE* : CP* : : CE : CK. 
Now, the lines €Q, PH, EM, being parallel (2 Cor. 10, 
and Def. 16), from similar triangles, 

CE* : CP* = EM* : PH*, 
and CE or DG : CK = LG : LC ; 
therefore EM* : PH* = LG : LC, 
and, by division, &c. 
EM* — PH* : PH* = CG : LC = CG* : CG • LC. 
But since PH* = MD • Dw (4 Cor. 15), 

EM* — PH* = ED* = CG* (5, 2, E.) ; 
therefore PH* = CG • LC ; 
hence, and since PH= CQ (19), 
CG : CQ = CQ : CL. 



PROPOSITION XXL 



If an ordiruxte be drawn to any transverse diameter of an hy- 
perhola ; the rectangle under the abscisses of the diameter 
fviU be to the square of the semi-ordinate as the square of 
the diameter to the square of its conjugate . 




Let DEe/ be an ordinate to the transverse diameter Pp, 
and let Qq be its conjugate diameter ; 

PE • ]^ : DE* = Pjo* : Qy*. 
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Let DKL, a tangent at D, meet the diameter in K, and 

its conjugate in L. Draw D6 parallel to Pp, meeting Qq 

in G. Because CP is a mean proportional between CE 

andCK (11), 

CP* : CE* = CK : CE, 

and, by division, CP* : PE • E;? = CK : KE. 

But, because ED is parallel to CL, 

CK:KE = CL:DE,orCG; 

and because CQ is a mean proportional between C6 and 

CL (20), 

CL : CG = CQ* : CG*, or DE*, 
therefore CP* : PE • Ep = CQ* : DE*, 
and, by inversion and alternation, 

PE • Ep : DE* = CP* : CQ* = Pjo* : Q^. 
Cor. 1. If an ordinate be drawn to any second diame- 
ter of an hyperbola, the sum of the squares of half the se- 
cond diameter and its segment, intercepted between the 
ordinate and the centre, is to the square of the semi-or- 
dinate as the square of the second diameter to the square 
of its conjugate. 

Let DG be a semi-ordinate to the second diameter Qq. 
It has been shown that 

CG* : CQ* = PE • Ep : CP* ; 
therefore, by composition, 
CQ* 4- CG* : CQ* = CE* or DG* : CP*, 
and, by alternation, 
CQ* + CG* : DG* = CQ* : CP* = Qj* : Pp*. 
Cor. 2. The squares of semi-ordinates, and of ordinates 
to any transverse diameter, are to one another as the rect- 
angles contained by the corresponding abscisses ; and the 
squares of semi-ordinates, afkd of ordinates to any second 
diameter, are to one another as the sums of the squares 
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of half that diameter, and the segments intercepted be- 
tween the ordinate and the centre. 

Cor. 3. The ordinates to any transverse diameter, which 
intercept equal segments of that diameter from the centre, 
are equal to one another ; and, conversely, equal ordinates 
intercept equal segments of the diameter from the centre. 



PROPOSITION XXII. 

In Ao, the transverse axis of an hyperbola^ let there be taken 
on each side of the cenJtre C, straight lines CK, CA, each a 
fourth proportional to CF the eccentricity^ and C A, GB, 
half the transverse and conjtigate axes : if then firom P, a 
vertex of any diameter^ there be draiwn PH perpendicular 
to Aa ; the square of the semi'diameter PC tmll have to 
the rectangle contained by the segments KH, AH the con^ 
slant ratio of the square qfCF to the square qfCA. 




/o 



Draw PL perpendicular to the conjugate axis. 

Because CB» : CA» = CB» + CL» : PL* (1. Cor. 21), 
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by composition, 

f CB* + CA* : CA* = CB* + CL* + PL* : PL*, 

Aerefore (47, 1, E. and Def. 8) 

CF* : CA»=:CB*+PC» : PL* or CH* ; 
but, by hypothesis, CF* : CA* = CB* : CK*, 
therefore CB* : CK* = CB* + PC* : CH* : 
and hence (19, 5, E.) 

PC* : CH* — CK* = CB* : CK*, and (6, 2, E.) 
PC* : KH • HA = CF* : CA*. 
Cob. L Hence the squares of any semi-diameters PC, 
QC are to one another as the rectangles KH ' HA, KI * lA, 
contained by the segments of the line KA between its ex- 
tremities, and perpendiculars from the vertices of the dia- 
meters. 

Con. 2. The transverse axis is the least of all the trans- 
verse diameters, and a diameter which is nearer to the 
transverse axis is less than one more remote, and a semi- 
diameter may be found greater than any given line. 

By hypothesis, CF or AB : CA = CB : CK. Now AB 
is greater than CB (19, 1, E.), therefore CA is greater 
than CK, and the points K, k are between Ao, the ver- 
tices of the transverse axis. Suppose now a semi-diameter 
PC to turn about C, and that in every position PH is per- 
pendicular to KA produced both ways; the rectangle 
KH ' HA, and the square of PC, to which the rectangle 
has a constant ratio, will manifestly be least when PC 
coincides with AC, and both will increase as. H recedes 
from C ; and, as the rectangle may exceed any given space, 
the semi-diameter may become greater than any given line. 
CoR. 3. Diameters which make equal angles with the 
transverse axis on opposite sides of it are equal; and only 
two equal diameters can be drawn, one on each side of the 
transverse axis. 
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PROPOSITION XXIII. 

If an ordinate he drawn to any transverse diameter of an 
hyperbola^ the redxmgle under the abscisses of the diameter 
is to the square qfthe semi-ordinate as the diameter to its 
parameter. 




Let DE be a semi-ordinate to the transverse diameter 
Pp ; let PO be the parameter of the diameter, and Q^ the 
conjugate diameter. By the definition of the parameter 
(Def. 16), VpiQqzzzQqx PG, 

therefore Pp : PG = Pp« : Qf (2 Cor. 20, 6, E.). 
But P/>» : Qg« = PE • Ej9 : DE* (21); 
therefore PE • Ep : DE» = Pp : PG. 
Cor. Let the parameter PG be perpendicular to the dia- 
meter Vp ; join pG, and from E draw EM parallel to PG, 
meeting pG in M. The square of DE, the semi-ordinate, 
is equal to the rectangle contained by PE and EM. 

For PE • Ep : DE«z= Pp : PG, 

and Pp : PG = Ep : EM = PE • Ep : PE • EM, 

therefore DE* = PE • EM. 
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SCHOLIUM. 

If the rectangles PGLp, H6KM be completed, it will 
appear that the square of ED is equal to the rectangle 
MP, which rectangle is greater than the rectangle KP, 
contained by the absciss PE and the parameter GP, by a 
rectangle KH similar and similarly situated to LP, the 
rectangle contained by the parameter and diameter. It 
was on account of the excess of the square of the ordinate 
above the rectangle contained by the absciss and para- 
meter that ApoUonius gave the curve to which the property 
belonged the name of Hyperbola. 



PROPOSITION XXIV. 

If from the vertices of two conftigate diameters of an hyper ^ 
bola there be drawn ordinates to any third transverse dia- 
meter ; the square of the segment of that diameter ^ inter- 
c^ted between the ordinate f'om the vertex of the second 
diameter and the centre, is equal to the rectangle contained 
by the segments between the other ordinate and the vertices 
of the third transverse diameter. And the square of the 
segment interested between the ordinate from the vertex of 
the transverse diameter and the centre, is equal to the square 
of the segment between the other ordinate and the centre, 
together with the square of half the third transverse diame- 
ter. 
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Let Pp, Qq be two conjugate diameters, of which Pp 
is a transverse and Q; a second diameter ; let PE, QG 
be semi-ordinates to any third transverse diameter Rr ; 
then CG* =RE • Er, and CE* = CG* + CR*. 




Draw the tangents PH, QK, meeting Rr in H and K. 
The rectangles HC - CE and KC * CG are equal, for each 
is equal to CR* (11 and 20), therefore 

HC : CK = CG : CE. 
But the triangles HPC, CQK are evidently similar (Cor. 
Def. 16) ; and since PE, QG are parallel, their bases CH, 
KC are similarly divided at E and G, therefore 

HC : CK = HE : CG, 
wherefore CG : CE = HE : CG, 
consequently CG* = CE • EH = (1 Cor. 11), RE • Er. 
Again, from the similar triangles HPC, CQK, 

HC : CK = CE : KG. 
Now, it was shown that HC : CK = CG : CE, 

therefore CG : CE ^ CE : KG, 

consequently . . 

CE» = CG • GK = (3, 2, E.), CG» + GC/ CK; 
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but GC • CK = CR* (20) 
therefore CE* = CG* + CR*. 
. Coa. 1. Let Ss be tbe diameter that is conjugate to Rr^ 
then Rr is to S« as CG to PE, or as CE to QG. 

For Rr* : S** = RE • Er, or CG* : PE* (21), 
therefore Rr : Ss = CG : PE. 
tn like manner Rr : S« = CE : QG. 

CoR. 2. The difference between the squares of CE, CG, 
the segments of the transverse diameter to which the 
semi-ordinates PE, QG are drawn, is equal to the square 
of CR the semi-diameter. For it has been shown that 

CE* = CG* + CR*, 
therefore CE* — CG* = CR*. 
Cor. 3. The difference of the squares of any two con- 
jugate diameters is equal to the difference of the squares 
of the axes. Let Rr, St^ be the axes, and P/?, Q^ any two 
conjugate diameters ; draw PE, QG perpendicular to Rr, 
and PL/ QM perpendicular to Ss. Then 

CE* — CG* = CR*, 

and CM* — CL*, pr GQ* — PE* = CS* ; 

therefore CE* + PE* — (CG* + GQ*) = CR* — CS* I 

that is (47, 1, E.), CP* — CQ* = CR* — CS*, 

therefore Pjt?* — Qj* = Rr* — S«*. 



Ti 
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PROPOSITION XXV. 

If four straight lines he drawn tomhing conjugate hyperbolas 
at the vertices of any two conjugate diameters ; the paral- 
lelogram formed by these lines is equal to the rectangle con- 
tained by the transverse and cenjugaU oases. 




Let Pp, Qq be any two conjugate diameters, a paral- 
lelogram DEGH formed by tangents to the conjugate hy- 
perbolas at their vertices is equal to the rectangle con- 
tained by Ao, B2», the two axes. 

Let Aa, one of the axes, meet the tangent PE in K ; 
join QK, and draw PL, QM perpendicular to Aa. 
Because CK : CA = CA : CL (11), 

and CA : CB = CL : QM (1 Cor. 25), 
ex. ffiq. CK : CB = CA : QM, 
therefore CK • QM = CB • C A. 
But CK • QM = twice trian. CKQ = paral. CPEQ:(41, 1, E. ), 

therefore the parallelogram CPEQ = CB • CA; 
and, taking the quadruples of these, the parallelogram 
DEGH is equal to the rectangle contained by Aa and B&. 
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PROPOSITION XXVI. 

If two tangents at the vertices of a transverse diameter of an 
hyperbola meet a third tangent ; the rectangle contained by 
their segments between the points of contact and the points 
of inters^tion is equal to the sqtfare of the senii-diam^ter to 
which they are paraUd : and the rectangle contained by 
the ^pgme^ cf thj^ t%ivd tangent p^een UspQifU of con- 
tact aif4 the parallel tangents^ is equal to the square of the 
semi-diameter to which it is parallel. 




Let PH9 phi tangents at tbe Tertiees of a transverse 
diameter Pp, meet DHA, a tapgent to the curve at any 
point D, in H apdA; let CQ be the semi-diameter to 
which the tangents PH, ph are paralld, aad CR that to 
which DHA is parallel ; then 

PH • jdA == CQ» and DH • DA = CR% 
Let HA meet the semi^diameters CP, CQ in L and K. 
Draw DE, RM parallel to CQ, and DG parallel to CP. 
Because LP • L/? = LE • LC (2 Cor. 11), 
LP: LE = LC :Lp; 
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hence, and because of the parallels PH, ED, CK, ph, 

PH : ED = CK : jt>A ; 

wherefore PH •/>* = ED • CK. 

But ED • CK = CG • CK z= CQ* (20), 

therefore PH ' /?A = CQ*. 

Again, the triangles LED, CMR are evidently similar, 

and LD, LE are similiurly dwided at H and P, also at h 

andp; 

therefore PE : HD = (LE : LD = ) CM : CR, 

also /7E : AD = (LE : LD =) CM : CR ; 

hence, taking the rej^tangles of. the corresponding terms, 

PE • ;>E : HD • AD = CM» : CR». 
But if CD be joined, the points D and R ariB evidently 
the vertices of two conjugate diameters (Cor. Def. 16), 
and therefore PE • j»E = CM* (24) ; 

therefore HD • AD = CR*. 
Cor. The rectangle contained by LD and DK, the seg- 
ments of a tangent intercepted between D the point of 
contact, and P/?, Qf, any two conjugate diameters, is 
equal to the square of CR, the semi-diameter to which the 
tangent is parallel. 

Let the parallel tangents PH, ph meet LK in H and A, 
and draw DE, a seini-ordibate to P/>. Because of the 
parallels ED, PH, CK, ph, 

LE:LDr=EP:DH, < 
and EC : DK = Ep : DA, 
therefore 
^.E • EC : LD • DK = EP • Ep: DH • DA. 
But LE • EC == EP • Bp (1 Cor. 11), 
therefore LD • DK = DH • DA = (by this Prop.) CR*. 
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PROPOSITION XXVII. 



IftuDo straight lines be drawn from the foci of an hyperbda 
perpendunUar to a tangent ; straight lines drawn from the 
' cenJbrey to the, points in which they meet the tangent^ will 
^ each be equai to half (he transverse axis. 




Let P(2D be a tangent to the curve at P, and FD, fd 
perpendiculars to the tangent from the foci ; the straight 
lines joining the points C^ D and G, d are each equal to 
AC, half the transverse axis. 

Join FP, /P, and produce FD, P/ till they intersect 
in E. The triangles FDP, EDP have the angles at D 
right angles^ and the angles TPD, EPD equar(5), and 
the side DP common to both; they are therefore equal, 
and consequently have ED = DF, and EP =: PF ; where- 
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fore E^= FP — P/ = Aa. Now the straight lines FE, 
Vf being bisected at D and C, the line DC is parallel to 
E^ and thus the triangles FfEj FCD, are similar, 
therefore F/:/E, or Aa = FC : CD ; 
but FC is half F/ therefore CD is half of Aa. 
CoK. If a straight line Qq be drawn throiJ^h the centre 
parallel to the tangent Dd^ it will cut off from PF, Vf the 
segments P6, Pg^ each equal to AC half the transverse 
axis. For CklPQ, CDP^ are parallelograms, therefore 
PG = rfC = AC, and P^ = DC = AC. 



PROPOSITION XXVIII. 

"Tie rectangk conicmed by perpendiculars drawn from the 
foci of an hyperbola to a tcmgeni, is equal to the square of 
half the coiyugate axis. 




i 
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Let PdD be a tangent, and FD, fd perpendiculars from 
the foci, the rectangle contained by FD and^ is equal to 
the square of BC half the conjugate axis. > 

It is evident from last proposition that the points D, cf, 
are in the circumference of a circle, whose centre is the 
centre of the hyperbola, and radius CA half the transverse 
axis. Now FDfi? being a tight angle, if dG be joined and 
produced, it will meet DF in H, a point in the circum- 
ference ; and since FC = /C, and CH = Gc^ and the 
angles FGH, f^ld are equal, FH is equal to fd^ therefore 
DF • df^ DF • FH = AF • aF (36, 3, E.) = CB* (3). 

Cor. If PF, I^ be drawn from the point of contact to 
the foci, the square of FD is a fourth proportional to^P, 
FP, and CB». For the angles /Prf, FPD are equal (5), 
and FDP, fdP are right angles, therefore the triangles 
FDP,,^fP are similar, and 

/P : FP =/rf : FD =/rf • FD or BC* : FD*. 

DEFINITIOK. 

XVIII. A straight line perpendicular to a tangent to 
the curve at the point of contact is called a Nornuil to the 
curve. 
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PROPOSITION XXIX. 

fffrom C the centre qf an hyperbola a straight line CL be 
drawn perpendicular to a tangent ID, and from D ihe 
point of contact a normal be drawn meeting thetranaveree 
axis in H and the ccngugate axie in h; the rectangle con^ 
tained by CL and DH is equal to ihe square (f CB, the 
serMrConjugate axis ; and the rectangle contained by (TL 
and DA is equal to the square qf C A, tiie semi'transverse 



axis. 



t..* 




Let the axes meet the tangent in M and m, and from 
D draw the semi-ordinates DE, De, which will be perpen- 
dicular to the' axes. 

The triangles DEH, CLui, are evidently equiangular, 

therefore DH : DE = Cm : CL, 

hence CL • DH = DE • Qm ; 

but DE • Cwi, or Ce • Cm = BC* (12), 

therefore CL • DH = BC*. 

In the same way it may be shown that CL * DA = AC^* 
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Cor. 1. The seg^ments DH, DA of a normal intercepted 
between the point of contact and the axes are to each 
other reciprocally as the squares of the axes by which 
they are terminated. 

For AC* : BC* =CL • DA : CL • DH = DA : DH. 
Coa. 2. If DF be drawn to either focus, and HK be 
drawn perpendicular to DF ; the straight line DK shall 
be equal to half the parameter of the transverse axis. 

Draw CG parallel to the tangent at D, meeting DH in 

N, and DF in O. The triangles GDN, HDK, are similar, 

therefore GD : DN = HD : DK ; 

and hence GD • DK = HD • DN. 

But GD = AC (Cor. 27) and ND = CL, 

therefore AC • DK = HD • CL = (by the Prop.) CB*, 

wherefore AC : BC == BC : DK ; 

hence DK is half the parameter of Aa (Def. 17). 




* XIX. If a point G be taken in the transverse axis of 
an hyperbola, so that the distance of G from the centre 
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may be a third proportional to CF, the distance of either 
foous from the centre, and CA the eemi-transverse axis ; 
a straight line HQh drawn through G, perpendienlar to 
the axis, is called the directrix of the hyperbola. 

Cob. L If an ordinate to the axis be drawn through 
die focus ; tangents to the hyperbola at the extremities of 
the ordinate mil meet the axis at the point Q (11). 

Gob* 3. The hyperbola has two directrices, for the point 
G may be taken on either side of the centre. 

PROPOSITION XXX. 

The distamce of any point in am hyperbola from either direc- 
trix i$ p it$ diskmcefrom the Jbctts nearest that directrix, 
in (he constant ratio of the semi'transverse axis to the dis- 
tanCe of the focus from the centre. 




Let D be any point in the hyperbola i let K be drawn 
perpendicular to the directrix, and DF to the focus near- 
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est the directrix ; DK is to DF as CA, half the transverse 
axis, to CF, the distance of the focus from the centre* 

Draw jyf to the other focus, and DE perpendicular to 
Aa ; take L a point in the axis so that AL = FD, and 
consequently La = D/; then CL is evidently half the 
sum of AL and aL, or of FD and /D, and CE half the 
sum of FE and jf E : and biMiattse 

D/— DF : F/ = /E + FE : jy + DF (K, 6, E,), 
by taking the halves of the terms of the proportion, 

CA : CF = CE : CL. 
But CA : CF = CG : CA (Def. 19), 
therefore CG : CA = CE : CL ; 
hence (19, 5, E.) EG : AL = CG : CA =± CA : CF, 
that is, DK : DF = CA : CR 
Cor. 1. If the tangent GMN be drawn through M, the 
extremity of the ordinate passing through the focus, and 
ED be produced to meet GM in N; EN shall be equal to 
DF. For, draw MO perpendiculur to the directnbt, th^n, 
because M and D are- points in the hyperbola, and from 
similar triangles, 

FM : FD =: MO : DK = GF : QE a MF : EN, 

thertfdre FD zfc EN. 
CoR. 2. If AI and at be drawn perpendicular to the 
transverse axis at its extremities, meeting the tangent GM 
in I and t, then, by the preceding corollary, AI = AF and 
at = aF. 
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PROPOSITION XXXI. 

If through P and Q the vertices of two semi-diameters of an 
hyperbola there be drawn straight lines PD, QE parallel 
to one of the asymptiotes CM, meeting the other asymptote in 
D and E ; the hyperbolic 9edor PCQ is equal to' the hyper^ 
boHc trapezium PDEQ. 




Let CQ meet PD in I. The triangles CDP, CEQ are 
equal (1 Cor. 16); therefore, taking the triangle GDI 
from hoth, the triangle CIP is equal to the quadrilateral 
DEQL To these add the figure PIQ, and the hyperbolic 
sector PCQ is equal to the hyperbolie trapezium PDEQ. 



PROPOSITION XXXII. ' 

If from the centre of cm hyperbola the segments CD, CE, CH 
be taken in continved proportion in one of the asymjdotes^ 
and the straight lines DP, EQ, HR be drawn parallel to 
the other asymptote, meeting the hyperbola in P, Q, R ; 
the hyperbolw areas PDEQ, QEHR are equal. 
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Through Q (fig. of last Prop.) draw a tangent to the 
curve, meeting the asymptotes in K and L : join PR, 
ineeting the asymptotes ini M and N ; draw the semi^dia- 
meters CP, CQ, CR ; and let CQ meet PR in G. 

Because QE is parallel to CM, and KQ is equal to 
QL (2 Cor. 15), CE is equal to EL ; and because MC, 
PD, RH, are parallel, and MP is equal to RN (1 Cor. 
15), CD is equal to HN. Now, by hypothesis, 

CD : CE = CE : CH, 
therefore NH : LE = CE : CH ; 

but CE : CH = HR : EQ (2 Cor, 16), 
therefore NH : LE = HR : EQ, 
and, by alternation, NH : HR = LE : EQ. 

Now the angles at H and E are equal, therefore the 
triangles NHR, LEQ are equiangular, and NR is parallel 
to LQ ; consequently RP is an ordinate to the diameter 
CQ (10), and is bisected by it at G; and as CQ bisects 
all lines which are parallel to KL, and are terminated by 
the hyperbola, it will bisect the area PQR. Let the equal 
areas PQG, RQG be taken from the equal triangles PCG, 
RCG, and there will remain the hyperbolic sectors PCQ, 
RCQ equal to each other. Therefore (31) the areas 
DPQE, EQRH are also equal. 

Cor. Hence if CD, CE, CH, &c. any number of seg- 
ments of the asymptote, be taken in continued proportion, 
the areas DPQE, DPQRH, &c. reckoned from the first 
line DP, will be in arithmetical progression. 
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PROPOSITION XXXIII. Pboblem. 

Two straight limes Aa, Bfr, which bisect each other at right 
angles in G^ being given by position ; to describe an hyper- 
bcia^ of which Aa shall be the transverse and B6 the con- 
jugate axes. 

JoinAB^and 
in Aa produ- 
ced take CF, 
C/eachequal 
to AB; the 
points F, f 
will b6 the 
foci of the 
hyperbola. 
(Def, 8.) 

Let one end of a string be fastened at F, and the other 
to G the extremity of a ruler yDO, and let the differmioe 
between the length of the ruler and the string be equal to 
Aa. Let the other end of the ruler be fixed to the point 
f, And let the ruler be made to revolve |ibouty*as a centre 
in the plape in which the axes are situated, while the string 
is stretched by means of a pin D, so that the part of it be- 
tweeii G and P is applied close to the e^e of the ruler ; 
the point of the pin will by its Qiotion trace a curve line 
DAD upon the plane, which is one of the hyperbolas re- 
quired. 

If the ruler be made to revolve about the other focus 
F, while the end of the string is fastened to f the oppo- 
site hyperbola will be described by the moving point D ; 
for in either case Gf— (GD + DF), that is, D/— DFis 
by hypothesis equal to Aa the transverse axis. 
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PROPOSITION XXXIV. Problem. 
An hyperbola being given by position ; to find its axes. 




Let HAA be the given hyperbola. Draw two parallel 
straight lines HA, KA, terminating in either of the oppo- 
site hyperbolas, and bisect them at L and M ; join LM, 
and produce it to meet the hyperbola in P ; then LP will 
be a transverse diameter (4 Cor. 10). Let/> be the point 
in which it meets the opposite hyperbola, bisect P/> in C, 
the point C is the centre (2). Take J> any point in the 
hyperbola, and on C as a centre with the distance CD de- 
scribe a circle ; if this circle lie wholly without the oppo- 
site hyperbolas, then CD must be half the transverse axis 
(2 Cor. 22) ; but if not, let the circle meet the hyperbola 
agiuba in d : join Dc?, and bisect it in £! ; join CE^ mioeting 
the opposite hyperbolas in A aqd a? then Aa will be the 
transverse axis (5 Cor. 10) ; for it is perpendicular to J)d 
:(S, 3, E.), which is an ordinate to Aa* Th(e other axiB 
will be found by drawing B6 a straight line through the 
centre perpendicular to Aa, and taking CB so that BC^ 
may be a fourth proportional to the rectangle AE * ^a, 
and the squares of DE and C A ; thus CB is half the con- 
jugate axis (21). 
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PART IV. 



SECTION I. 



OF THE CONE AND ITS SECTIONS. 



DEFINITIONS. 




I. If through the point V, without the plane of the circle 
ABD, a straight line AYE be drawn, and produced inde* 
finitely both ways, and if thie point V remain fixed while 
the straight line AVE is moved round the whole circum* 
ference of the circle ; two superficies will be generated by 
its moti({n, each of which is called a Conical Superficies^ 
and these mentioned together are called Opposite Conical 
Superficies. 
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II. The solid contained by the conical superficies and 
the circle ADB is called a Cone. 

III. The fixed point V is called the Vertex of the cone. 

IV. The circle ADB is called the Base of the cone. 

V. Any straight line drawn from the vertex to the cir- 
cumference of the base is called a Side of the cone. 

y L A straight line VC drawn through the vertex of the 
cone, and the centre of the base, is called the Axis of the 
cone. 

VII. If the axis of the cone be perpendicular to the base, 
it is called a Right cone. 

VIII. If the axis of the cone be not perpendicular to the 
base, it is called a Scalene cane. 

PROPOSITION I. ' 

If a cone be cut by a plane passing throtigh the vertex ; the 

section will be a triangle. 

Let ADBV (fig. page 128) be a cone of which VC is the 
axis ; let AD be the common section of the base of th^ 
cone and the cutting plane ; join VA, VD. When the 
generating line comes to the points A and D, it is evident 
that it will coincide with the straight lines VA, VD ; these 
lines are therefore in the surface of the cone, and they 
are in the plane which passes through the points V, A, D ; 
therefore the triangle VAD is the common section of the 
cone, and the plane which passes through its vertex. 



ISO COKIC SECTIONS, 

PROPOSITION ir. 

If a oonebe cuiby a pkme varattd to Us base ; ihesecHohWiU 
be a circle^ the tentre of which is in the axis. 

\l 




Let EF6 be the section made by a plane parallel to the 
base of the cone, and VAB, VCD two sections of the cone 
made by any two planes passing through the axis VC ; let 
E69 HF be the common sections of the plane EFG, and 
the planes TAB, VCD. Because the planes EPO, ADB are 
parallel, HE, HF will be parallel to CA, CD, and 

AC : EH = (VC : VH =) CD : HF; 
but AG s CD, therefore EH =: HF. For the same reason 
OH £= HF, therefore EFO is a circle of which H is the 
centre and EO the diameter. 

PROPOSITION III. 

If a scalene cone ADBV be cut through the ems by a plane 

perpendicular to the base, making the triangle VAB, €tnd 

from any point H in the straight line AV a straight line 

HK be drawn in the plane of the triangle VAB, so that 
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the angle VHK may be equal to the angle VBA, and the 
com he cut by another plane passing through HK perpen- 
dicular to the plane of the triangle ABV, the common sec- 
tion HFKN of this plane and the cone will be a cirde. 




Take any point L in the straight line HK, and through 
L draw EO parallel to AB, and let EF6N be a section 
parallel to the base, passing through EG ; then the two 
planes HFKN, EFON being perpendicular to the plane 
VAB, their common section FLN is perpendicular to 
EL6, and since EFGN is a circle (by last Prop.), and EO 
its diameter, the square of FL is equal to the rectangle 
contained by EL and L6 (35, 3, E.) ; but since the angle 
VHK is equal to VBA or VGE, the angles EHK^ EGK 
are equal, therefore the points E, H, G, K, are in the cir* 
cnmference of acircle (21, 8, R), and HL - LKsEL ' LG 
(35, 3, E.) = FL>, therefore the section HFKN is a cir- 
cle of which HLK is a diameter (35, 3, E.) 

This particular section of the cone is called a Subcon- 
trary Section. 
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PROPOSITION IV. 

^f a ame be cut by a plane which does not pass through the 
vertex, and which is neither parallel to the base nor to the 
plane of a svbcanirary section ; the common section of the 
plane and the surface of the cone will be an ellipse, a pa- 
rabokiy or an hyperbola^ according as the plane passing 
through the vertex parallel to the cutting plane falls wUhout 
the cone, touches it, orfaUs wUhin it. 

Let ADBV be any cone, and let ONP be the common 
section of a plane passing through its vertex and the plane 
of the base, which will either fall without the base, or 
touch it, or fall within it. 

Let FKM be a section of the cone parallel to VPO ; 
through C the centre of the base draw CN perpendicular 
to OP, meeting the circumference of the base in A and 
B ; let a plane pass through V, A, and B, meeting th€ 
plane OVP in the line NV, the sur&ce of the cone in VA| 
VB, and the plane of the section FKM in LK ; then, be- 
cause the planes OVP, MKF are parallel, KL will be pa- 
rallel to VN, and will meet VB in K ; it will also meet 
VA in H (fig. 1) within the cone ; or it will be parallel 
to VA (fig. 2) ; or will meet VA, produced beyond the 
vertex, in H (fig. 3), according as OMP falls without the 
base, or touches it, or falls within it. 

Let EF6M be a section of the cone parallel to the base^ 
meeting the plane VAB in EG, and the plane FKM in 
FM, and let L be the intersection of EG and FM ; then 
EG will be parallel to BN, and FM will be parallel to PO, 
and therefore will make the same angle with LK^ wher« 
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ever the lines FM, LK cut each other ; and since BN is 
perpendicular to PO, EG is perpendicular to FM. Now 
the section EFGM is a circle of which EG is the diame- 
ter (2), therefore FM is bisected at L, andFL* = EL-LG. 

Fig. 1. 




Case 1. Let the line PNO be without the base of the 
cone. Through K and H draw KR and HQ parallel to 
AB. The triangles KLG, KHQ are similar, as also 
HLE, HKR ; therefore KL : LG = KH : HQ, 

andHL:LE = KH:KR5 
therefore KL • HL : LG • LE or LF* : : KH* : HQ • KR. 
Now the ratio of KH* to HQ • KR is the same wherever 
the sections HFKM, EFGM intersect each other ; there- 
fore KL ' HL has a constant ratio to LF*, consequently 
(1 Cor. 13, Part H.) the section HFKM is an ellipse, of 
which HK is a diameter and MF an ordinate. 
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Case 2. Next, suppose the line ONP to toach the cir- 
cumference of the base in A. Let DIS be the common 
section of the base and the plane FKM ; the line DIS is 
evidently parallel to FLM, and perpendicular to AB, 
therefore DP = AI • IB, 

hence DI» : FL* = AI • IB : EL - LG. 
But since E6 is parallel to AB^ and IK parallel to AV, 
AI is equal to EL, and 

IB:LG = KI:KL; 
therefore DI* : FL^ = KI : KL. 
Hence it appears (Cor. 11, Part I.) that the section 
DFKMS is a parabola, of which KLI is a diameter, and 
DIS, FLM ordinates to that diameter. 
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Fig. 8. 




Case 3. Lastly, let the line PNO fall within the base ; 
draw VT through the vertex parallel to EG. The tri- 
angles HVT, HEL are similar, as also the triangles KVT, 
KGL, therefore 

HT : TV = HL : LE, 
andKT:TV = KL:LG, 
therefore HT • KT : TV* = HL • LK : LE • LG or LF*. 
Hence it appears that HL * LK has to LF* a constant 
ratio, therefore the section DFKMS is an hyperbola of 
which KH is a transverse diameter, and FM an ordinate 
to that diameter (2 Cor. 21, Part HI.) 



SCHOLIUM. 



From the four preceding propositions it appears, that 
the only lines which can be formed by the common 
section of a plane and the surface of a cone, are these 
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five: 1. A straight line, or rather two straight lines 
intersecting each other in the vertex of the cone, and 
forming with the straight line which joins the points in 
which they meet the base, a triangle ; 2. A circle ; 3. An 
ellipse ; 4. A parabola ; 5. An hyperbola. The first two 
of these, however, viz. the triangle and circle, may be re- 
ferred to the hyperbola and the ellipse ; for if the axes of 
an hjrperbola be supposed to retain a constant ratio to 
each otb«i^ and, at the same time, to diminish continu- 
ally, till at last the vertices coincide; the opposite hyper- 
bolas will evidently become two straight lines intersecting 
each other in a point ; and a circle may be considered as 
an ellipse, whose axes are equal, or whose foci coincide 
with the centre; so that the only three sections which 
require to be separately considered are the eUipaCy the /nz- 
rabola^ and the hyperbola. 
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SECTION II. 

OF THE CURVATURE OF THE CONIC 

SECTIONS. 



DEFINITIONS. 

I. A circle is said to ixmch a conic section in any point 
when the circle and conic section have a common tangent 
at that point. 

II. If a circle touch a conic section in any point, so that 
no other circle touching it in the same point can pass be- 
tween it and the conic section on either side of the point 
of contact, it is said to have the same curvature with the 
conic section in th6 point of contact, and is called the 
Circk qfequai Curvature at that point. ' 

LEMMA. 

If straight lines be drawn touching a circle at the ex- 
tremities of any chord, and from any point in the circum* 
ference straight lines be drawn parallel to the tangents, 
to terminate in the chord ; these lines will be equal ; and 
the square of each will be equal to the rectangle contained 
by the segments of the chord between each line and the 
point of contact of the tangent to which it is parallel. 
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Let PL be any chord in a circle, and FP6, FLK tan- 
gents at P and L ; if from any point H in the circum- 
ference there be drawn HE, HD parallel to FG, FL re- 
spectively, meeting the chord in E and D ; the lines HE* 
HD are equal ; and the square of each is equal to the 
rectangle LD • PE. 

The sides of the triangle HDE being pamllel to those 
of the triangle FLP, viz. HD to FL and HE to FP, the 
triangles are equiangular (29, 1 , E.) ; now the angles FPL, 
FLP of the latter are equal (32, 3, E.), therefore the cor- 
responding angles HED, HDE of the former are equal, 
and HD :s HE. 

And because the angle DHL is equal to HLK (20, 1, 
£,), apd this last is equal to EPH (32, 3, E.) ; also, be- 
cause the angle HLD is equal to HP6 <32, 3, E.), which 
4gain is equal to PHE (20, 1, E.) ; the triangles DHL, 
EPH are eijuiangular. Therefore 

LD : fiH = HE : EP, 
and (16, 6, E.) LD • EP b: DH • HE = HD* = HE*. 
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If the point h be in the arc pf the opposite segment, and 
hd be drawn parallel to FL, and AE to PF, it will in like 
manner appear that 

Ld • EP = Arf* = AE*. 

Cob. 1. The points D and d being determined as direct- 
ed in the proposition, 

LP:LD=LH*:LP% 
and LP : Ld = LA* : Lrf*. 
The triangles DLH* HLP have the angle at L common 
to both, and the angles DHL, HPL equal, because each 
is equal to the angle HLK (29, 1, B. and 32, 8, E.), 
therefore they are equiangular ; hence 

LP : LH = LH : LD (4, 6, E.), 
and LP : LD ( =LP* : LH*) =LH* : LD* (Cor. 19, 6, E.). 
In the same way it may be proved that 

LP : Lrf = LA* : Lrf*. 

Cor. 2. If E, the intersection of the chords, HA, PL, 
be between P and L, the points D, d will be on opposite 
sides of the point P. For in this case the chord LH will 
be greater than the chord LP, and the chord LA will be 
less ; therefore LH* will be greater than LP*^ and LA* 
less; consequently (from Cor. 1) LD will be greater than 
LP, and Ld less than LP. 

Cor. 3. If the chord HA which is parallel to the tan- 
gent PF, be supposed to approach continually towards 
that tangent ; the points D, dj and E will continually ap- 
proach to P, and may come nearer to it than any assign- 
able distance. 
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PROPOSITION I. 

If a circk be described touching a conic sedion^ and cutting 
off from the diameter thai passes tiirough the point ^ con- 
tact a segment greater than the parameter of that diameter ; 
a part (fthe circunference on each side of the point (f con- 
tact will be whoUy without the conic section ; but if U cut 

* 

off a segment less than the parameter^ a part qfthe circum- 
fsrence on each side of the point qf contact will be wholly 
within the conic section. 



Fig. I. 




Case 1. Let the section be a parabola KNPnA ; let Vp 
be any diameter, and PG a tangent at P its vertex. Let 
a circle KHPAA touch the parabola and tangent at P,* and 
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cut off from the diameter a segment PL either greater or 
less than its parameter (fig. 1^ 2). An arc HPA of the 
circle, extending to each side of the vertex P, will be 
wholly without the parabola or wholly within it. 

First let PL be greater than RL, a segment of the dia- 
meter equal to the parameter (fig. 1) ; draw LQ touching 
the circle at L ; let Nn, an ordinate to the diameter Pp, 
meet the circle in H and A, and draw HD, hd parallel to 
LQ9 meeting the diameter in D and d» 
Because NE* = »E» = PE -LR (12, Part L), 
andHE* = PE.LD|Le„ 
also AE* = PE • Ld J ^ 
therefore NE» : HE* = LR : LD, 
and nW : hE* = LR : LcL 
Now since Td may be less than any given line (Con 3 
to Lemma), let it be less than PR ; then LD and hd will 
both be greater than LR, and consequently HE will be 
greater than NE, and AE greater than nE ; therefore the 
arc of the circle HPA will be wholly without the parabola. 
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Fig- 2. 




Next let PL, the segment of the diameter cut off by the 
circle, be less than LR the parameter ; as before, let Nn, 
an ordinate to the diameter Pjd, meet the circle in H and 
A, and let HD, hd be parallel to the tangent LQ ; then, as 
in the preceding case, 

NE» : HE* = LR : LD, 
and nE» : AE* = LR : LA 
Suppose now PD to be less than PR, then LD and Tud 
will each be less than LR, and therefore HE will be less 
than NE, and AE less than nE ; hence the arc HPA of the 
circle will be within the parabola. 
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Case 2. Now let the curve be an ellipse or hyperbola 
(fig. 3 and 4).' First let the circle, which has a common 
tangent PG with the curve at the vertex of the diameter, 
cut off from it a segment PL greater than LR, a segment 
of the chord equal to its parameter. Let Nn, an ordinate 
to Pp, meet the circle in H and h : draw LQ touching the 
circle at L, and draw- HD, hd parallel to LQ. Take a 
point V in P/?, such that 

Vp:pE = LR:LV; 
then Vp : LR = Ep : LV. 
Now PE • Ep : NE* = P/? : LR = E^d : LV ( 15, Part II., 
and 21, Part IIL); 
hence also PE • Ep : NE* = PE • Ep : PE • LV (1, 6, E.), 
therefore NE* = «E* = PE ' LV. 
Now HE* = PE • LD, and AE» = PE • Ld, 
therefore NE* : HE* = LV : LD, 
and «E* : AE* = LV : Lrf. 



1 The reasoning in the pase of the hyperbola is exactly, like that for the 
ellipse ; therefore, to avoid multiplying figures, those for the hyperbola 
are omitted. 
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Let the chord HA of the circle have such a position that 
Pcf is less than PR; then pd and pD will both be greater 
than pRj and consequently greater than />Y, which is less 
ihanpR. In this position of the chord, and in every other 
nearer to the tangent, NE will be less than HE, and nE 
less than AE ; therefore the arc HPA of the circle will be 
entirely without the ellipse or hyperbola on each side of 
their common point P. 




Lastly, suppose that the segment LP of the diameter 
cut off by the circle is less than LR its parameter ; then 
the same construction being made as in the other case, we 
shall have 

NE» : HE* = LV : LD, 
nE* : AE* = LV : Lrf. 
Now, when the ordinate Nn approaches toward the tan- 
gent P6, the point D will approach to P, and the point V 
to R ; therefore there will be a position of the ordinate in 
which LD and hd will be both less than LV ; and the 
same will be true for all positions nearer to the tangent. 
In these, NE will be greater than HE, and nE greater 
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than AE ; thus it appears that the arc HPA will be with- 
in the curve, to a certain extent, on each side of the 
point P. 

Cor. If a circle touch a conic section, and cut off 
from the diameter that passes through the point of con- 
tact a segment equal to its parameter, it will have the 
same curvature with the conic section in the point of 
contact* 

For if a greater circle be described, it will cut off a seg- 
ment greater than its parameter, therefore a part of its 
circumference on each side of the point of contact will be 
wholly without the conic section ; and as it will also be 
without the former circle, it will not pass between that 
circle and the conic section at the point of contact. If, 
on the other hand, a less circle be described, it will cut 
off from the diameter a less segment than its parameter, 
therefore a part of the circumference on each side of the 
point of contact will fall within the conic section ; and as 
it will be within the former circle, it will not pass between 
that circle and the conic section at the point of contact. 
Hence (Def. 2) the circle which cuts off a segment equal 
to the parameter is the circle of equal curvature. 
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PROPOSITION II. 

The circle of curvature at the vertex of the axis of a pa- 
rabolaj or at the vertex of the transverse axis of an ellipse 
or hyperbola^ falls wholly tvithin the conic section ; but the 
circle of curvature at the vertex of the conjugate axis of an 
ellipse falls wholly unthout the conic section. 




Let Pp be the axis of a parabola, and PHLA the circle 
of curvature at its vertex, which therefore (Cor. 1) cuts 
off from the axis a segment PL equal to the parameter of 
the axis ; if a tangent were drawn to the parabola at its 
vertex, it would also be a tangent to the circle at that 
point (Def.), therefore the centre of the circle is in P/i. 
Let NEn, an ordinate to the axis, meet the circle in H 
and h It may be shown, as in the preceding Proposition, 
that 

NE2 : HE2^= LP : LE. 
Now, in every position of the ordinate, LP is greater than 
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LE ; therefore NE' is always greater than HE^ and nW 
is greater than AE^ ; therefore the circle is wholly within 
the parabola. 

Next, let Vp be the transverse axis of an ellipse (fig. 2), 
or hyperbola (fig. 3), or the conjugate axis of an ellipse 
(fig. 4), and PHLA the circle of carvature ; then, as in the 
parabola, the centre of the circle will be in the axis. In 
each case draw Nn, an ordinate to the axis meeting the 
circle in H and A, and take a point V in PL, so that 

ioP:/?E = LP:LV; 
then it will appear, as in the last Proposition, that 

NE^ : HE« = LV : LE. 



Fig. 2. 




Now, when Pp is the transverse axis of an ellipse (fig. 
2), since Pp is greater than LP and T?p : PL = PE : PV, 
therefore PE is greater than PV ; and hence LV is al- 
ways greater than LE; therefore NE^ is greater than 
HES also nE* is greater than KE? ; hence the circle falls 
wholly within the ellipse. 
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Fig. 3. 





^ Again, when P/> is the transverse axis of an hyperbola 
(fig. B)fpE is greater thanj^P, and therefore LV is greater 
than LP, and consequently greater also than L£ ; hence 
NE* is greater than H£S and nE^ greater than AE?, and 
the circle is wholly within the hyperbola. 

• Fig. 4. 




Lastly, when Vp is the conjugate axis of an ellipse (fig. 
4), since pP is in this case less than LP, and pP : LP = 
PE : PV, therefore PE is less than PV; hence LVis less 
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tban LE» and consequently NE^ is less than HES and 
nE? less than KEt^ ; therefore the circle is wholly without 
the ellipse. 



PROPOSITION III. 

The circk of curvature at the vertex of any diaumter of a 

conic section which is not an cutis, meets the conic section 

again in one point only ; and between that point emd the 

vertex qf fhe diameter the drck faUs wholly fvithin the 

come section on the one side, and wholly without it on (he 

other. 

Fig. 1. 




Case 1. Let the conic section he a parahola^ of which 
PL is a diameter, and let PLK be the circle of curvature 
at its vertex, cutting off from the diameter a segment PL 
equal to its parameter ; draw P6 touching the circle and 
parabola at P, and LQ touching the circle in L ; also draw 
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PK parallel to LQ, meeting the circle in K, and KT pa- 
ratlelto PO, meeting the diameter in T. The lines KP, 
KT will be equal, and 

KT* = PT • LP (Lemma) ; 
therefore KT is a semi-ordinate to the diameter PL 
(Prop. 12, Part I.)', and K is a point in the parabola. And 
since only one line PK can be drawn through P parallel 
to the tangent LQ, only one such point K can be found ; 
therefore the circle of curvature cuts the parabola in one 
point besides the vertex of the diameter, and in no more. 
Between P and T draw NE«, any ordinate to the diaimeter 
PL, meeting the circle in H and A, and draw HD, hd pa- 
rallel to the tangent LQ, meeting the axis in D and d ; and 
because 

NE* also nE* = PE • PL (Prop. 12, Part I.) 

andHE* = PE.LD| Lemma), 
andAE* = PE • Lcf / 

therefore NE» : HE* = PL : LD, 
and wE* : AE* = PL : Lrf. 
Now PL is less than LD ; therefore NE is less than HE, 
and the circular arc PHK is without the parabola from 
the vertex to the intersection K. If the ordinate be more 
remote from the vertex than the position KT, then D and 
d will be both on the same side of the vertex, and there- 
fore PL will be greater than LD, also greater than Ldf, 
and consequently NE will be greater than HE, also «E 
than AE ; hence it follows that the arc PLK falls wholly 
within the parabola. 



OF THE CURVATURE. 151 



Fig. 2. 




Case 2. Let the conic section be either an ellipse or an 
hyperbola, of which Pj9 is a diameter, and PLK the circle 
of equal curvature at its vertex, cutting off a segment PL 
equal to its parameter. Draw LQ touching the circle, 
and pQ touching the curve ; and because this line is pa- 
rallel to the line PG, which touches the circle and ellipse 
at P, the lines LQ, pQ make equal acute or obtuse 
angles (but in opposite directions) with pit (32, 3, and ^ 
29, 1, E.) ; therefore they will meet at a point Q. Join 
PQ ; and because Q is without the circle, and P is in the 
circumference, the line PQ, which cannot be a tangent, 
must cut the circle in one other point K, and in no more. 
Draw KS and KT parallel to QL and Qp, meeting P/> in 
S and T. 
Because of the parallels, 

P^ :/>T = PQ : QK = PL : LS (2, 6, E.) ; 
therefore (by alt.) Pp : PL = jpT: LS = pT • TP : LS • TP. 
But LS • PT = KT* (Lemma), 

therefore Pp : PL = joT • TP : KT*. 



\ (Lemma), 



152 CONIC SECTIONS. 

Hence KT is a semi-ordinate to the diameter Pp, and K 
is a point in the ellipse or hyperbola (15 of Part II. and 
23 of Part III.). 

Draw NEn, any ordinate to the diameter, so as to meet 
the equicurve circle in H and A, and the line PQ in Y* 
Draw HDZ, hdz parallel to LQ, meeting Pjo, PQ in D, 
Z and in d, z ; also draw YV parallel to LQ, meeting Pp 
in V. 

Because of the parallel lines, 

Pjt^ : Ep = PQ : YQ = PL : VL; 
hence P;? : PL (= Ep : VL) =z PE • Ep : PE • VL, 
But P/} : PL = PE • Ep : NE* or »E*, 
therefore NE* = wE* = PE • VL. 
But HE* = PE • LD 
and AE* = PE • Lrf 
therefore NE» : HE* = VL : LD = YQ : QZ, 
and «E* : AE* = VL : Ld = YQ : Qz. 
Now wherever the point H be taken in the arc PHK, it 
is manifest that YQ will be less than QZ, therefore also 
NE is less than HE; thus the arc PHK falls wholly 
without the conic section. Again, since YQ always ex- 
ceeds Qz, therefore nE always exceeds AE ; hence the 
arc PAK falls wholly within the section* 

PROPOSITION IV. 

The chord of the circle of curvature which is drawn Jrom the 
point of contact through the focus of a parabola is equal to 
that which is cut off from the diameter ; and half tlie ra^ 
dim (f (he circle is a third proportiomd to the perpendicu-- 
larfrom the focus upon the tangent^ and the distance of die 
point of contact from ike focus. 
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Let PL be the chord cut off Trom the diameter, and 

PFH the chord passing through F the focus ; draw PM 

the diameter of the circle ; join HL, HM, and draw FK 

perpendicular to the tangent at P. Because the lines 

PFH, PL make equal angles with the tangent at P (Cor. 

3, 3, Part L), the angles PHL, PLH are equal (32, 3,E.); 

hence PH = PL. Secondly, the triangles FKP, PHM 

being manifestly similar, 

FK:FP = PH:PM = (Def.9 andl, PartL) 4 PF:PM, 

hence FK : FP = FP : i PM, or J the radius. 

. . 2FP* 

Cor. 1. Hence the radius is equal to p^^ > 

2FK^ 
Cor. 2. The radius is also equal to "TpT? where AF is 

the distance of the focus from the vertex of the parabola ; 

FK* 
for FP = -jpr (14, Part L), 

iL'Fp3 
Cor. 3. Hence also the radius is equal to -qtt^ > where 
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L denotes the parameter of the axis ; for 

FK "AFFPFK"" FK^ ' 



PROPOSITION V. 

77i6 radius of the circk qf curvature at the vertex of any dia- 
mder qf an eUipse or hyperbola is a third proportioned to 
the perpendicular drawn from the centre upon the tangent 
and half the coiyugate diameter ; and the chord which is 
drawn from the point qf contact through the focus is a third 
propordonal to the transverse axis and coi^ugate diameter. 




Let PL be the chord cut off from the diameter, and 
PFH the chord passing through F the focus ; draw PM 
the diameter of the circle, and from the centre O draw 
OR perpendicular to PL, which will bisect PL in R; 
join HM, and draw the conjugate diameter QCg' meeting 
PH in N and PM in S, then PS is equal to the perpendi- 
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cular Arom the centre C upon the tangent. The triangles 

PSC, PRO are similar ; therefore 

PS : PC = PR : PO ; 

but PC : CQ = CQ : PR (Def. of param.),' 

therefore PS : CQ = CQ : PO. 

Secondly, the triangles PSN, PHM are similar, 

therefore PN : PS = PM : PH. 

But PS : CQ = (CQ : PO = ) Qq : PM, 

therefore PN : CQ = Qg- : PH ; 

or, since PN = AC (Cor. to 19, Part II. and to 27, Part 

HI.) AaiQq = Qq: PH. 

Cor. 1. Hence the radius of curvature is equal to 

CQ* 

-p^, and the chord passing through the focus is equal to 

2CQ* 
AC • 

r CQ3 

CoR. 2» The radius of curvature is also equal to . ^ ^^ - ; 

^ AC'BC 

AC'BC 
for PS = Q^ (17, Part II. ; and 25, Part III.) 

Cor. 3. Draw FK from the focus perpendicular to the 
tangent, and let L denote the parameter of the transverse 

axis ; the radius of curvature is also equal to — :Fr^^ — . 

For the triangles PFK, NPS are manifestly similar; there- 
fore FK : FP = PS : PN, or AC = BC : CQ (Prop. 17, 
Part II.) ; 

FP 
hence CQ = p^ x BC, and 

CQ3 FP' BC^ _ FP 



ACBC "^ FK^ '^ AC "" FK^ ^ ^ 

This expression for the radius of curvature is the same for 
all the three conic sections. 
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SECTION m. 



AREAS OF THE CONIC SECTIONS. 



Let AB€D, abcdj two trapeziums, have each two pa- 
rallel sides, and let the angles which the parallel sides AB, 
DC of the one figure make with its side BC be equal to 
the angles which a6, db, the parallel sides of the other 
figure^ make with its side be ; also, in the one figure, let 
EF, which is parallel to AB and DC, bisect the opposite 
sides BC, AD in F and E, and in the other figure let ef\ 
a parallel to ab and cfc, bisect be and ad inland e ; the 
trapezium ABCD is to the trapezium abed as the rect- 
angle BC'EF to the rectangle be'ef. 




5 T C 1^ 

Through E and e draw 6H and gh parallel to BC and 
bcj forming the parallelograms GC, gc. The triangles 
AEG, DEH are manifestly equal (26, 1, E.); therefore 
the trapezium ABCD is equal to the parallelogram GBCH. 
In the same way it appears that the trapezium (d>cd is 
equal to the parallelogram gbeh. Now the parallelogram 
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6C has to the parallelogram gc the ratio compounded of 
the ratios of BG to bg^ and of BC to be (23, 6, E.) ; and 
the rectangle BC'BG has to the rectangle bc'bg the ratio 
which is compounded of the same ratios ; therefore trap. 
ABCD : trap, abed = BC-BG : be'bg == BC-EF : be-ef. 



PROPOSITION I. 

Jn a parabola^ let ABCD be a trapezium formed by PB, any 
diameter J AB, CD semi-ordinates to that diameter, and 
AD a chord in the curve ; and let EFGH be another tra-- 
pezium formed by PF, a tangent at the vertex of the dia^ 
meter PB, by AF, DG, diameters produced at A, D^ and 
EH a tangent parallel to the chord : the trapezium ABCD 
is double the trapezium EI?GH. 
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Let L be the point of contact of the tangent EH ; dra\it 
a diameter through L, meeting the chord AD in I, and 
the tangent PF in N ; draw LM a semi-ordinate to the 
diameter PB, and IK parallel to LM. help be the pa- 
rameter of the diameter PB. And because AD is bisect- 
ed in I, and BK : KG = AI : ID = FN : NG, therefore 
BC is bisected in K and FG in N. 
And because /> • PB = AB* = PF*, 
and p- PC = DC* = PG*; 
therefore p • BC = PF* — PG* 

= (PF + PG) (PF — PG), 
that is,p • BC = 2PN • FG = 2LM • FG. 
Nowp • PM = /> • LN = LM*, 
therefore jf> • BC : /> • LN = 2LM • FG : LM*, 
and BC : LN = 2FG : LM or IK, 
and hence BC • IK = 2FG • LN. 
Now, by the premised lemma, the trapezium ABCD is 
to the trapezium EFGH as the rectangle BC * IK to the 
rectangle FG - LN ; therefore the trapezium ABCD is 
double the trapezium EFGH. 

Scholium. Since GH may be of any magnitude, the 
proposition will still be true when the points H and G co- 
incide in the line PF, 
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PROPOSITION II. 



Let AB he a semi^ordinate to PB, any diameter of a para" 

bola ; complete tiie parcMdogram ABPC, ly dmmng PC 

a tangent at the vertex^ and AG paraUd to PB : the space: 

comprehended by PA, the arc of (he parabola^ and PB> 

AB, the absciss and ordinate^ is two thirds of the parol'' 

lehgram PBAC. 
C 




Divide PC into any odd number of equal parts, seven, 
for example ; let Prf be one, Ve three, and P^ five of 
these; take Vd equal to Prf, and draw cfiy, cff), cH,/K 
parallel to PB, meeting the curve in D', D, H, K; these 
lines, when produced, will be diameters; and they will 
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be equidistant, because they divide the line Cd into equal 
jmrts. Because Vd = PcT, therefore cO) = cfi)' ( 11, Part 
I.). Join DI>, which will be parallel to dd (38, 1, E.) ; 
let it meet PB in N ; produce it to meet the other dia- 
meters in E, F, O. Draw HL, KM parallel to PC, also 
the chords DH, HK, KLA, and, parallel to them, the tan- 
gents dhyhky kxL And because the diameters whose ver- 
tices are JVy D, H are equidistant, the tangents cbf, hd 
will intersect each other at d^ a point in the diameter 
passing through D (2 Cor. 15, Part I.) ; for a like reason, 
the tangents M, hk will intersect in He, and hk^akm FK. 
The triangles HED, hed are in all respects equal, for 
DH = d% (34, 1, R) DE = <fe; and since HA = D£? = Ee, 
therefore HE = Ae, The trapeziums KHEF, AA^are 
also equal ; for HB, a side of the one, is equal to Ae, a side 
of the other, and HK, EF are equal to AA, ^respectively, 
and make equal angles with the equal sides HE, he be* 
tween them ; therefore, if the trapeziums be applied, one 
on the other, so that the equal sides HE, he coincide, the 
sides HK, AA will coincide, also EF, ef, and the trapezi- 
ums will entirely coincide. In like manner, the trapeziums 
AKFO, ahfC are proved to be equal ; and because the tra- 
pezium LHDN is double the triangle hde or its equal 
HDE (preceding Prop.), and the trapezium MKHL dou- 
ble the trapezium /%A6, or its equal FKHE, and the tra- 
pezium BAKM double aC/A, that is, double A6FK, the 
polygon NDHKAB will be double the polygon DHKA6; 
but these together make up the paralleli^am ABNG, 
therefore the polygon NDHKAB, inscribed in the para- 
bola, is two thirds of the parallelogram ABNG. Now the 
space bounded by the arc PA, the absciss PB, and semi- 
ordinate AB, exceeds the inscribed polygon ; therefore it 
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also is greater than two thirds of the parallelogram ABN6 
or two thirds of the parallelogram ABPC, diminished by 
two thirds of the parallelogram PCGN. 




The parallelograms HDcfA, EDcfe are equal (35, l, E.), 
so also are KHM, E6/*F, and AKka, QF/C (36, 1, E.) ; 
therefore the sum of the four parallelograms AA, KA, Hcf, 
DP is equal to the parallelogram 6NPC. Now if the po- 
lygon inscribed in the parabola be increased by these four 
parallelograms, there will be formed the polygon VdAkoB, 
which exceeds the parabolic area ; therefore that area is 
less than two thirds of the parallelogram ABNG increased 
by the whole parallelogram GNPC, and consequently less 
than two thirds of the parallelogram ABPG increased by 
one third of the parallelogram GNPC. 

L 
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Let the parabolic space PAB be denoted by S, the paral- ' 
lelogram PCAB by R, and the parallelogram PNGC by V. 

It has been proved that S 7 f R -^ f V, 

and that S Z § R + ^ V. 
This is true whatever may be the magnitude of V ; but 
the line Vd may be taken such that V may be less than 
any assignable space ; therefore S can be equal to no as- 
signable space that is either greater or less than two 
thirds of the space R, and consequently is exactly equal 
to two thirds of the space R. 

DEFINITION. 

If the axes of an hyperbola be equal, it is called an Equi- 
lateral hyperbola. 

PROPOSITION III. 

If ttvo eUipseSy or two hyperbokis, have a ammum transverse 
axis J and if from the same point in the cms there be drawn 
a semi'ordinate to each ; the areas contained by the common 
absciss^ the ordinates^ and the curves, tviR be to each other 
as their conjugate axes. 

Let AMBa Amba be two ellipses, and AMD, Amd two 
hyperbolas, which have each pair a common transverse 
axid Aa ; and let BC, be be their conjugate axes, and DE, 
dE semi-ordinates at the same point E in the common 
axis ; the area AMDE is to the area AmdE as the axis 
BC to the axis ftC. 

Let the common absciss in both curves be divided into 
any n amber of equal parts AP, PQ, QE ; draw se m- 
ordinates PmM, Q^N, and the chords AM, MN, ND, Am, 
mn, nd* 
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M B 1> 




Q c m 



a 




C A P Q 

In the case of two ellipses, 

MP» : AP • Pa = BC* : AC* n 
and AP • Pa : mP» = AC» : 6C* ; J (^^' ^^ 
therefore, ex. esq. MP* : wip* = BC* : 6C*, 
and MP : TwP = BC : 6C. 
In the same way, in the two hyperbolas it may be 
proved that 

MP : wP = NQ : wQ = DE : dE = BC : feC. 
Now, in both curves (by 1, 6, E.), 
triangle APM : triangle APwi = PM : Pm = BCihC; 
and since MP : NQ = wP : wQ, 
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therefore, by composition and alternation, 
MP + NQ : »iP + »Q = NQ : nQ = BC : bC. ^ 

Now the area of a trapezium is known to be equal to 
the rectangle contained by the *8um of the parallel sides 
and half the distance between them ; therefore 
MP + NQ : wP + nQ = trap. MPQN : trap. mPQn ; 
and trap. MPQN : trap. mPQn = BC : 6C. 

In the same way, it appears that the trapezium NQED 
is to the trapezium nQJSd as BC to bC ; therefore (12, 5, 
E.) polygon AMNDE : polygon AmndE = BC : bC. 

This must be true, however great may be the number 
of sides of the polygon AMNDE, AmndE inscribed in the 
curvilinear spaces ; but, by a known principle in geometry, 
the limits of the polygons (which are the curvilinear spaces) 
must have the same ratio as the polygons themselves ; 
therefore the curvilinear s|>aces AND, And have the same 
ratio as the semi-conjugate axes BC, bC. 

Cor* 1. Hence it appears that the area of an ellipse is 
to that of its circumscribing circle as the conjugate axis 
to the transverse axis. 

Cor. 2. It also appears that the area of any segment 
of an ellipse may be found from that of a corresponding 
segment of a circle ; and the area of a segment of any hy- 
perbola from the corresponding segment of an equilateral 
hyperbola. 
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SECTION I. 

PROPERTIES OF THE PARABOLA AND 

ELLIPSE. 



PROPOSITION I. 



Let ABDE he a paraUelogramy given in position ; through C the 
middle of one of its sides ED, draw any straight line PCQ, 
meeting the opposite sides in P and Q ; and draw straight lines 
PB, QA, across the parallelogram to the ends of the remaining 

^ side^ so as to intersect each other in V ; the point V, and all 
points determined in the same wag, are in a parabola. 

Draw AD, BE, the diameters of the parallelogram, intersect- 
ing in I ; these will mutually bisect each other ; I will therefore 
be a given point. Draw a straight line through I parallel to A£ 
or BD : let it meet the lines AV, BY, and AB, in the points H, 
K, and F. 

BecsLUse EC is equal to CD, and the angles PEC, PCE are 
respectively equal to the angles QDC, DCQ, the triangles CEP, 
CDQ are in every respect equal, and PE is equal to QD. 

Because KI is parallel to PE, the triangles BIK, BEP are 
similar : Now BE is double BI, therefore EP is double IK. In 
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the same way it may be proved that QD is double IH ; there- 
fore IK is equal to IH. 




The triangles BE A, 6IF are similar, because IF is parallel to 
£ A : Now BE is double BI, therefore BA is double BF, and 
AF is equal to FB. But it was shown that KI is equal to IH, 
therefore AF : FB == KI : IH. It has now been shown that the 
lines AV, BY, inflected to V from the ends of the given line 
AB, intercept in IF, a line given in position, segments IH, IK 
adjacent to a given point I^ which have to each other the ratio 
of the segments into which that line divides AB, therefore (16, 
Part I.) the point V is in a parabola. 

Cor. a straight line drawn through V, parallel to PQ, will 
touch the parabola at V. Let the line drawn through V meet 
the opposite sides of the parallelogram in L and M, and CF in N. 
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In the triangle BPQ, VM is drawn parallel to PQ, and, in the 
triangle BVQ, KH^ which is parallel to BQ, meete the diverging 
lines VB, VM, VQ; therefore 

BV : VP = BM : MQ = KN : NH (2, 6, E.) 
Hence BV+ VP: BV— VP= KN+NH : KN— NH (E. 5, E.) 
Now BE being bisected in I, and BK : KP = BI ; IE, there- 
fore BP is bisected in K, and BV — VP =r 2K V : also because 
HK is bisected in I, KN — NH z= 2IN : the proportion now 
becomes, 

2BK : 2KV = 2KI : 2IN 
and BK : KV =z KI : IN ; 
hence VN is a tangent to the parabola. (Cor. 16, Part I.) 

Scholium. By this proposition, having given AB any chord 
in a parabola, and FI the segment it cuts off from the diameter 
that bisects it ; any number of points may be readily found in 
the curve ; also, the lines which touch it at these points. 

PROPOSITION II. 

A circle described abotd a triangle^ die sides of yohich touch a pa* 

rabola, passes Oirough its focus} 

' Let PQR be a triangle, the sides of which touch a parabola at 
the points A, B, C, viz. PQ at A, PR at B, and QR at C, and 
let F be the focus ; a circle described about the triangle PQR 
will pass through F. 

Let a tangent at V, the vertex of the parabola, meet PQ in 
H, PR in K, and QR in L. Join FQ, FR, FL, FH, FK. The 
angles FHQ, FLQ are right angles (Cor. 1, 14, Part I.) ; there- 
fore the points F, Q, H, L, are in the circumference of a circle, 
and the figure FQHL is a quadrilateral inscribed in that circle ; 
hence the angle PQFor HQF is equal to the angle FLK (22, 3, E.) 



MkM^.a«k^-^L^v 



* It may be proper to mention, that this proposition was given by the 
author of this work in Leyboume*s Mathematical Repository, about the year 
1797> because it has since that time appeared as new in the AnnaJes des 
Maihimatiquee* 
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And because the angles FLR, FKR are right angles, the 
points FLRK are in the circumference of a circle ; therefore the 
angles FLK, FRK in the same segment (21, 3, £.) are equal ; 
but the angle PQF was shown to be equal to FLK ; therefore 
PQF is equal to FRK ; hence the quadrilateral PQFR is in a 
circle (22, 3, £.), and a circle described about the triangle FQR 
will pass through F. 

Cob. 1. The angle which a straight line drawn from the focus 
of a parabola to the intersection of two tangents makes with 
either of them, is equal to the angle which a straight line drawn 
from the focus to the point of contact of the other tangent, 
makes with that tangent. 

Let FP be drawn from F, the focus of a parabola, to P, the 
intersection of two tangents, and FA, FB to A, B, the points of 
contact : the angle FPB is equal to FAP, and FPA to FBP. 

For, let a third tangent QR be drawn, meeting the other two 
in Q and R, and let a circle be described about the triangle 
PQR. Suppose now the point Q to approach to A, the line QR 
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will at last coincide with AP, and the angle FQR will become 
the angle FAP. But in every position of QR, the angle FQR 
is equal to FPB (21, 3, E.) ; therefore the angle FPB is equal to 
the angle FAP. 

In the same way, it appears, that supposing R to approach to 
B, and at last to coincide with it, the angle FRQ, which (21, 3, 
£.) is always equal to FPA, becomes FBP; therefore the angles 
FPA, FBP are equal. 

Cor. 2. The angles FPA, FBP being equal (Cor. 1), and the 
angles AFP, BFP also equal (5, Part I.), the triangles AFP, 
BFP are equiangular. 

Cor. 3. If the focus of a parabola, and two tangents to the 
curve, be given in position, the points of contact are given. 

For then the angles of each of the triangles AFP, BFP are 
given, and also their common side^ viz. FP drawn from the fo* 
cus to the intersection of the tangents ; therefore all the sides 
of the triangles are given, and consequently the points A, B. 

Cor. 4. If PA, PB be tangents to a parabola at A and B, 
and straight lines be drawn from F the focus, to P their inter- 
section and A, B the points of contact ; and QR be any third 
tangent, and straight lines be drawn from F to Q and R, the 
points in which it cuts the other two, the triangle FQR shall 
be similar to the triangles FAP, FBP. 

For the angle FQR is equal to FPR, and FRQ to FPQ (21, 3, 
E.) which is equal to PBF (Cor. 1.) ; therefore the triangle QFR 
(4, 6, E.) is equiangular and similar to PFB or FAP (Cor. 2.) 

Cor. 5. If four straight lines given in position touch a para- 
bola, the focus shall be given in position. 

For, since each line must intersect all the others, they will 
form four triangles given in position, and circles described about 
these triangles will be given in position. 

Now the focus is in the circumference of each circle, there- 
fore they must all pass through the focus which will be given 
in position. 
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PROPOSITION III. 

If three straight lines which intersed each other touch a pardbota^ 
the rectangle contained by the segments which each cuts off from 
the other two a^acent to the point of their intersecOany is equal 
to the rectangle contained hy the segments which it cuts off adja- 
cent to their points qfconktct. 




Let PQ9 PR, QR be straight lines which touch a parabola at 
A, B, C : the rectangle QP * PR contained by the segments which 
QR cuts off from PA, PB adjoining to P, is equal to the rectan- 
gle QA * RB contained by the segments which it cuts off adja- 
cent to the points of contact A, B. 

Join FA, FB, FQ, FR. The triangles FAQ, FPR are equi- 
angular (22, 3, £. and Cor. 1, 2), so also are the triangles FPQ, 
FBR ; therefore 

QA : RP (= QF : RF) = QP : RB, 
and QP • RP = QA • RB. 
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In the same way it may be proved that these rectangles are 
equal, viz. 

PQ- QR = PA • RC, and PR • RQ = PB • QC. 

Cor. 1. If two straight lines given in position touch a para- 
bola at given points, any third tangent will cut off from them 
segments adjacent to given points which shall have a given ra- 
tio. Let PA, PB be the tangents given in position which in- 
tersect at P, and touch a parabola at given points A and B, and 
let QR, any third tangent, meet them in Q and R. 

Because the rectangles QP - PR and QA * RB are equal, 

QP : QA = RB ; PR ; 
by composition AP : QA =: PB : PR, 
by alternation APj PB = QA : PR. 
Now, by hypothesis, A and P are given, points, and AP, PB 
lines given in magnitude, therefore the lines QA, PR have to 
each other a given ratio, and they are cut off from AP, PB ad- 
jacent to given points A, P. 

Cor. 2. If the points A and B are both on the same side of 
QR, then 

PB • PQ + PA ' PR = PA • PB. 
But if A and B are on contrary sides of QR, the difference of the 
rectangles PB • PQ and PA • PR is equal to the rectangle PA ' PB. 

For, from the [Mreceding corollary, PA- PR = PB • QA ; and 
adding PB * PQ to these equals, 

PB • PQ -I- PA • PR = PB • QA + PB • PQ = PB • PA. 

The other case is proved by subtracting the rectangle. 

PROPOSITION IV. 

Let PQA, PRB, QCR, he three tangents to a parabola at the 
points A, B, C, and let HK be any faarik tangent wMeh $neete 
PA in H, PB in K, and QR in h ; the lines QR, HK are «- 
milarly divided, the former at C, the point in which it touches 
the parabola, and the latter at L, the point in which it inter- 
sects QR. 
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Let V be the point in which HK touches the parabola. 
.Because HL • QL = HV • QC (Prop. S), 

and KL • RL = KV • RC ; 
therefore HV : HL = QL : QC, 
and KL : KV = RC : RL. 
From the first of these, by division, LV : LH = CL : QC; 
From the second, by conversion, KL : LV =r RC : CL ; 
Therefore, ex aequaliy KL : LH =z RC : QC. 

Thus it appears that the lines QR, HK are similarly divided at 
C and L. In the same way it may be proved that 

HL : HK =;aQ : AP, and 
HK : LK = BP : BR. 
Cor. If four or any greater number of straight lines given in 
position touch a parabola, any tangent to the curve which inter- 
sects them all will be divided by them into segments which 
have to each other given ratios. 

For, if four or more tangents be given in position, the focus 
and the points of contact of all the tangents , will be given ; 
therefore the ratio of every three adjoining segments of the in- 
determinate tangent will be given. 
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PROPOSITION V. 

If a moveable circle roU along the concave circumference of a fixed 
circle in the same plane, and the radius of the former be half 
that of the latter ; any given point in its circumference imll de- 
scribe a diameter of the fixed circle. 




Let ABHOy a moveable circle (which may be called the geno' 
rcOing circle), whose centre is C, roll along DHd a fixed circle^ 
of which O is the centre, both being in the same plane, and let 
the radius CH be half of the radius OH ; any given point A in 
the circumference of the generating circle will always be in "Ddy 
some diameter given in position of the other circle. 

Let H be the point of contact of the circles : the points H, 
C, O are in a straight line (II, 3, £.) ; and because the diame- 
ter of the inner circle is half that of the outer drcle, one of its 
extremities will always be at O, the centre of the fixed circle* 

Suppose that at the beginning of the motion the point A was 
at D, a given point in the circumference of the fixed circle, and 
that by rolling along the arch DH, the generating circle has 
come to the position OAH : draw AC to its centre, and bisect 
the angle ACH, and consequently the arch AH, by the radius BC. 
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The arch DH is equal to the arch AH, because every element 
of the one has been applied to an equal corresponding element 
of the other : therefore the arch DH is double the arch BH, and 
the radius of the circle DH is by hypothesis double the radius 
of the circle BH. Now^ in different circles, equal angles at their 
centres stand on arches which have the same ratio as their cir- 
cumferences or their radii, therefore an angle at O, the centre 
of the fixed circle, standing on the arch DH, will be equal to the 
angle BCH, that is, to the angle AOH (20, 3, £.) ; hence a 
straight line drawn through O and A will pass through the given 
point D ; thus A will always be in the diameter DO^ which is 
given by position, and by the motion of the circle will describe 
that diameter. 

. Cor. 1. A diameter DOd drawn through the moving point 
A, in any one position, will be its Loctu in every position.* 

Cor. 2. The generating circle will have made two complete 
revolutions about its centre C when its diameter has completed 
one revolution about the centre O. 

CoR. S. When the generating circle has made a complete re- 
volution about O, every point in its circumference will have de- 
scribed a diameter, passing twice through the centre, and have 
returned to its first position. 

Scholium. The refined notion of generating lines by sup- 
ponng a curve to roll along a straight line or curve, is due to 
the moderns. 

Galileo appears to have been the first who introduced it into 
geometry, and in this way he indicated the cycloid^ the discus- 
sion of which by Mersenne, Descartes^ Pascal, and others, was 



* A line, of which every point satisfies a prescribed condiUon of a geo- 
metrical hypothesis, is called the Loau of that condition. Thus, a Pa- 
rabola is the locus of all points which are at the same distance from a 
given point and a.straight line given in position : and an ellipse is the lo- 
cus of the vertical angle of a triangle whose base is given in position and 
ma^itude, and the sum of its sides equal to a given line. 
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the beginning of that series of discoveries which has since gra- 
dually expanded into the modern geometry. The ancients, 
however, in some cases employed motion in the formation of geo- 
metrical figures. Euclid defined a sphere to be the solid figure 
described by the revolution of a semicircle about its diameter, 
which remains unmoved ; and Archimedes defined his spiral by 
the uniform motion of a point along a straight line which at the 
same time turns with an uniform angular motion about one of 
its extremities. The preceding proposition, and the following, 
may be established by the ordinary method of geometrical rea- 
soning ; or instead of supposing one circle to roll on another, 
we might suppose the diameter of the generating circle to turn 
about the centre of the fixed circle with an uniform angular mo- 
tion, while at the same time it turned uniformly about its own 
centre, so as to make two complete revolutions in the time its 
diameter makes one. It then might be easily shown, that the 
extremity of any radius of the revolving circle would describe a 
diameter of the fixed circle. 

The property here demonstrated is elegant, and remarkable 
in having been applied in mechanics to the production of a re- 
ciprocating rectilinear motion by means of a rotatory motion. 

PROPOSITION VL 

If a moveable or geTverating circle roll along the concave circum- 
ference of a fixed circle in the sameplaney and the radius of the 
former be half that of the latter^ 4X8 in the preceding proposi' 

t tion; any given paint in the plane of the generating circle^ with-' 
in or without it, wHl describe an eUipsSy of which conjugaie diO" 
meters unll be given in position. 

Let DHED'E' be the fixed circle, O its centre, and AHBO 
the generating circle, which rolls along the concave circumfer* 
ence DHE : any given point P (the generating point) in the 
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plane of this circle, within or without it, will describe an ellipse 
given in position. 

Take a given point A anywhere in the circumference of the 
generating circle, and draw a straight line through A, and the 
generating point P, meeting the circumference in B : Thus A 
and B will be given points in the circle, and AP, PB lines given 
in magnitude. Draw OD, OE, radii of the fixed circle, through 
the points A and B : these will be lines given in position. (Pre- 
ceding Prop.) 

Let OCH be the revolving diambter of the generating circle, 
and C its centre. When OH has made a complete revolution 
about the centre O, the point A will have been twice at O, an(f 
BP, one of the segments of AB, will have coincided entirely 
with OM, OM', equal segments of the diameter DI>, on oppo- 
site sides of the centre ; therefore, if in DD' there be taken OM 
and OM', each equal to the line BP, M and M' will be given 
points in which the locus of P cuts the line DD^ 

For a like reason AP, the other segment of AB, will have co- 
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incided with segments of the diameter E£' in twa opposite posi* 
tions, viz. ON, ON' ; therefore, if ON and ON' be taken each 
equal to AP, N and N* will be also given points in which the 1q- 
ctis of P intersects the line E£'. 

By the motion of the generating circle^ the point B, either of 
the extremities of the revolving chord AB, will in the course of 
a revolution have come to E, a point in the circumference of the 
fixed circle. The angle OAB will then be in a semicircle (of 
the generating circle), and AB will have the position of a per- 
pendicular' to OD« Let this be the line £F, which will be given 
in poffltion^ and also in magnitude, because it is equal to the 
chord BA. Take FQ = AP, therefore QE = PB ; then Q 
will be a fifth given point in the locus of P. Join QO, and 
take OQ' = OQ: the line QQ', which is bisected at O, wUl be 
given in position and magnitude. Draw BK perpendicular to 
OD, and PI parallel to it, meeting BK in I. The triangles BPI, 
BAK are similar (4, 6, E.), therefore 

BI : IK = BP : PA = £0:0?: 
Because the lines BK, EF are simil^dy divided at I and Q, the 
points O, I, are in a straight line (Lemma to Prop. 8, Part I.) ; 
so that I is in the line QOQf. 

Again, because EO : OB r= QO : 01, 
and that OB cannot exceed OE; therefore OI cannot be greater 
thism OQ ; and when AB is not perpendicular to DD', the point 
I will always be between Q »id Of : in no case can it be beyond 
these limits* 

The triai^^ OQE, OIB, are similar (4, 6^ £.), therefore their 
sides are proportiohals, and 

Ofta : OP = QE« or BP« : BP, 
and, by division, 0Q« : QI • IQ' == BP« : PP 5 

hence, by altematiMi, and observing that BP = OM, 

0Q«':6m«=: QI-IQ':PP; 

therefore the point P is in an ellipse, of which QQ' and MM', 

Jines given in niagnitude and position, are conjugate diameters 

(converse of 13, Part II.) 

M 
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Cor. 1. The elKpse described by the gaierating pomt P de^ 
pends entirely on the magnitude of the generating drde AOB^ 
dnd the position of the point hi its plane, that is, on OC the ra** 
dius of the circle, and CP, the distance of P from the centre; thefe« 
fore, whatever be the position of the revolving chord AB, if it 
always pass through the same point P, the elKpse will be the 
same, and have the same position on the plane of the fixed 
drcle* 

Con. 2. The position of DIK, E£', the diameters of the fised 
circle, which are the loci of the extremities of the revolving dbord 
AB, and consequently the pomtion of MM^ N1$P, the diameters 
of the ellipse, depend entirely on the position of t^e chord in re* 
spect of the centre ; they will be different ftr different chords^ 
but for the same chord they wfll have a fixed position. This is 
evident from the last proposition. 

Cor. S. The semidiameters OM, OM of the ellipse m which 
(produced if necessary) the revolving chord terminates, are equal 
to tiie distanceis of the generating point P from the ends of the 
chord, viz. OM to PB, az^ ON to PA, and the angle which the 
diameters MM', KN* make At the centre is half tiie angle which 
tiie chord subtends at the centre of the generating eircle; for in 
the course of a -revolution of the generating circle about the 
centre O, the s^^ents PB, PA of the chord wffl have been ap 
plied upon the Knes OM, ON, 's<y as ^tkrely to ooindde with 
them : the resb is evident (30, 3, E«> 

CoR. 4. When the revolving chord AB comes into the posi- 
tion EF, a perpendiculalr to MM', eitiier ttf ihe dumHia^ which 
are the loci of its extremities, it then passes tiubngb Q, a vertex 
of the diameter QOQf, which is the eonjugate of MM', and in this 
position it is a normal to the dlipse i for a tangent to tiie ellipse 
at Q is paralld to MWp and tiierefore perpendicdar to £F. 

Scholium. From this pfoposition it appears that if the ends 
of a straight line AB of a given length bd oairied along two 
straight lines DOD', EOF, given in position ; any point P in AB 
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(or in AB produced), at given distances from its extremities, will 
describe an ellipse, the centre of which will be at the intersec- 
tion of the lines given in position. It is upon this principle that 
dliptic compasses and lathes for turning ovab are constructed. 
An instrument for describing ellipses will be described farther on. 

PROPOSITION VII. 

Stqjposing the ellipse MPN, whose centre is O, ^o have been de- 
scribed according to the hi^pothesis cf Prop, VL ; let AOB 
be the generating circle in any position on the plane of the fixed 
circle, and P the generating pointy which is also a point in the 
elltpse ; through P draw any chord APB ; join O A and OB ; 
take OM and OW in contrary directions, each equal to PB, 
and ON and ON' in contrary directions, each equal to PA ; 
Aen MM', N!)' will be two diameters of the ellipse. 




Since A and B are points in the circiunference of the gene- 
rating circle* and O is the centre of the fixed circle* the lines 
AO, BO will have the same position in the ellipse for all posi- 
tions of the chord AB» because they are the loci of the points 
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A, B; therefore (6 Cor. 3) the semidlameters OM^ ON will 
be respectively equal to PB and PA, the distances of P from 
the ends of the chord AB ; hence if OM, ON be taken equal 
to PB and PA, the points M, N will be the vertices of dianieters 
of the ellipse. 

Cor. And if other chords aby &c. be drawn through P, and 
Oa, 06, &c. be joined, and there be taken Om equal to bP, and 
On equal to Fa, &c. then m, n, &c. will be points in the ellipse ; 
and in this way any number of points whatever may be found 
from a single position of the generating circle. 

PROPOSITION VIII. 

Sf/ppating an ellipse to be described according to the hj^pothesis cf 
Prcp^ VL ; if the generating point be toit/un the generating 
circle (Jig. 1), half the sum of its semiaxes is equal to the ra- 
dius of the circle ; and half their difference, to the distance of 
the generating point from its centre* BtU if the point be with" 
out the circle (Jig. 2), then half the difference cfthe semiaxes is 
equal to iis radius, and half their sum to the distance of the 
generating point from its centre. 
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'"' Let AOB be the generating cirde (fig. 1 and 2), and P the 
generating point at any point in the curve. It appears from 
Prop; VI. Cor. 4, that a chord in the circle passing through 
P and A, the intersection of the circle, and MM', one of the 
axes, will also p ss through B> the point in which it meets the 
other jEnds NN'; and in this case the chord will pass through C 
the centre (31, 3, E.), because the axes forin right angles at the 
centre of the ellipse. Therefore, when the point P is within the 
circle AOB {^f^. 1), the radius OC or AC is half the sum of 
BP and AP,^ that is, of OM and ON, the semiaxes (7); and 
'CP, the distance of the generating point from, the centre, is half 
the difference of PA and PB, or of OM and ON. 




When the generating point P is without the circle AOB {^g 
2), then the radius OC or AC is manifestly half the difference 
of AP and BP ; and CP, the distance of the generating point 
from the centre, is half the sum of AP and BP, that is, of OM 
and ON, the semiaxes. 

Cor. I. Hence it appears that the same ellipse may be de- 
scribed by two' different generating circles, each rolling on its 
own fixed circle, viz. by one whoise diameter is the sum of the 
semiaxes, and by another whose diameter is their difference ; in 
the first way the generating point will be within the circle, and. 
in the second without it; 

Cor. 2. Also it appears that the chord of the generating 
circle, intercepted between the diameters of the ellipse that 
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pass through its extremities (and which passes tl^rouf^ the ge- 
nerating point), is.equal to the sum of the semidiameters vben 
the generating point is within the circle, but to their dilPerenpe 
when the point is without the circle. 

Scholium. Tbfi curves which may be generated by ^ p<4n$ 
in the plane of a moveidde circle which rolla along the circwn^ 
ference of a fixed circle» are caDed cjcbidsi also epicycloidfl. 
Thej are of two kinds, one generated by a drde roUii^ on tb^ 
convex circumference and anttber by its rolling on ^? concave. 
Som0 writers confine the name qfk^folaida to the fint classy ap4 
caH the second l^fpocydaUl*. It appears firom this propowtieQ 
that an ellipse is an^hypocydoid* 




The property in queftiiGNi has suggested an instrument for 
geperating im eclipse elegantly, by continued m^tiop. A and 
P are two wheels, th^ axea of which tqrn in hdes C, 0> ne?^ 
the ends of the cqnfiectiBg b^r D. One of the ^vhe^ls B mu^t 
be just half the diameter of the other A, which may bp lof any 
.size, find a bai^4 £^F goes iround them Cfutside ; ap vpnx^ C? b 
attached tp the^iyhee} By and adqaits of bring lengtheped or 
shortened by sliding along its surface in a socket, which may be 
anywhere on thewbeeL Suppose npff that the wheel A ia^xed 
or kept from turning, and di^t the bar D is turned roup4 the 
centre O, carrying at its other extremity the wheel B ; thjS 9<f- 
tioii of the b^d £F will then turn thb whe^l B round its pen^^ 
tr^ C, and while the bar mukesoqe revolution roi^pd ^e centre 
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of the fixed wheel, the other wheel will make two reyolutions 
about its centre* 

The use of the sliding arm CP is to give extension to the sur- 
face of the wheel, so that P, any point in the arm, may be re* 
garded as a point in the plane of a circle turning about a move- 
able centre C, while that centre revolves about a fixed centre 
O* Fiom this descriptioii it is easy to see that C, the centre 
of the wheel B/may be regarded as the centre of a circle which 
tolls on the inside of a circle whose centre is O ; also that any 
point P in the plane which is the extension of the surface of the 
wheel, is just a point in the plane of the rolling circle ; and since 
the circle of which C is the centre makes two turns in going. 
round that of which O is the center the radius of the one 
cvcle must be doidde ihai of the other ; and hence it follows 
Aam Ae fs o gamtim that the path of the point P in space is ^ 
^pse.^ 



* By the appllcatioa of this principle, a Planetarium or CometaHum 
may be made, which shall exhibit to the eye the motion of a planet or 
comet in an elliptic orbit about the sun. Some instruments have ac- 
tually been made which represented the motion of Eack^'s comet ; the 
wheels were C fl Mcealcd fiy a cover, on which a ball representing the sun 
was pteoed in the focus ef the ellipse. 
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SECTION II. 

EQUATIONS OF THE CONIC SECTIONS. 

The nature of a curve may be expressed by algd)raic equa- 
tions in various ways, particularly in two. Taking the circle as 
an example : If a perpendicular be drawn firom any point in the 
circumference to the diameter, the square of that perpen^dlar 
is equal to the rectangle contained by the segments into which it 
divides the diameter ; and this relation iis the same for all iwintf 
of the curve. Now, if the diameter of the circle be denoted by 
a, the perpendicular by ^, and its distance frcun one end of ^e 
diameter by x ; then its distance from the other end will bd a -*• A;> 
and the property in question may be expressed by an equation, 
viz. y* = aa? — «^, which is indeterminate, since a being constant, 
X and y may have any values whatever consistent with the con- 
ditions to be satisfied. This equation expresses the nature of a 
.circle, and distinguishes it from all other curves ; and is there- 
fore cdiled an Equaiionof a Circle. In the same way, each of 
the three conic sections has its peculiar Squation, which distin- 
guishes it from the others. This form is called an BquaHan (f 
rectangular Co'Ordinaies. 

Another way of expressing the nature of a curve is by assum- 
ing a fixed point in a line having a determinate position, and con- 
ceiving the curve to be generated by a straight line which turns 
about that point as a pole. If now the revolving line, called the 
radius vettOTy be denoted by the letter r, and the variable angle 
which it makes with the line given by position by v ; then an 
algebraic equation involving r, v, and constant quantities, will ex- 
press the nature of the curve, and is called a Polar £!quaHon, 

If, for example, the angle v and the line r are such that, a be- 
ing a constant quantity, in every position rzza cos. v ; the ex. 
tremity of the revolving line will describe a circle ; and this is a 
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polar equation to a circle, of which a is the diameter, and the 
pole is at one of its extremities. 



EQUATIONS OP RfiCTANGULAH COORDINATES. 

In the parabola, let us suppose that the origin of the rectah-^ 
- gular co-ordinates is at the vertex of the axis ; let p be its pa^ 
ranieter, y any ordinate to the axis, and x the absciss'; then^ 
/rom the property of the curve demonstrated in 12, Part I. ■ 

px-y... (P). 

This is an equation of the parabola. 

In the ellipse and hyperbola, let a be the semi-transverse axis, 
h the semi-conjugate, y any semi-ordinate to the transverse axis, 
and X the distance from. the ordinate to either vertex ; then, 
In the ellipse, a^il^ — x(2a — x)it^ (13, Part II.) , 
therefore a^' =: 2a¥x — 6* o^.,,, (Ei)« - 

In the hyperbola, a* : i^ = a? (2a + a?) : 3^ (21, Part III.) 

therefore ay = 2a52a: 4. ^a?*... ...... (Hi). 

These are equations of the curves. 

In the ellipse and hyperbola, the centre may be taken as the 
origin of the co-ordinates ; and then, putting ad the distance of 
the centre from the ordinate, we have a; = a — a/ in the ellipse, 
and a? = a' — a in the hyperbola ; therefore. 

In the ellipse, ay = a«^ — ^a:«, and ^ +-^ =1 (E^). 

In the hyperbola, aV = ^a/« — a*^, and ^— ^= 1 (H^). 

These are also equations of the curves. 
Instead of 6, the semi-conjugate axis, we may introduce the 
parameter/) into the equations ; for, putting p for the parameter. 

In the ellipse, a? (2a — *) : y^ = 2a : p. (15, Part It) 

In the hyperbola, x^^ + x) i ^ zn 2a :/>..... (23, Part III.) 
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Hence, m the ellipse, ^ sspx (l — —J (E^)> 

in the hyperbola, y* =:px (l + ^j (H,). 

From what has been shown, it appears that the rectangular 
co-ordinates of a conic section are in every case the variable 
quantities of an equation of the second degree; and hence it 
follows that every conic section if a line pf the second order. 

We havp supposed that the ordinates are drawn to the axis 
of a parabola, and to the transverse axis of an ellipse or hyper- 
bola ; but the equations hold true of ordinates to any diameter 
ia«nch curve. 



POLAB ^mUXIONS. 

TkeParMh. 

Let AH be the axis of a parabola, A die vertex,. F the focus, 
and FD a line drawn to D any point in the curve. Draw D£ 
perpendicular to the axis, and let BC be the directrix. Put p 
s parameter, r s FD the radius vector, and v =i angle AFD. 




By the definition of the curve, r s EC =; FC =p £F s ^p 
£F ; the negative sign to be taken when the angle DFC is 
acuie, but the. positive when it is obtuse. 



Now, by trigonometry, £F = r eof • t;; thereft>re» obBervmg that 
the cosine is positive when the angle if it- a£iiley.4>at negative 
when it is obtuse, we have r zz ^— -r cos. v ; heBpe» and because 
1 + co8.t7=:2co8.*J», 

COS. v = t£jHr.^.„(P V r = T-L — (I*fl)* 

r ^ *^ 1 -l^cos-v ^ ^' 

These are polar eguaHom of the parabpla. 

ne EUgm tmd Ht^perbohu 

The polar equations of the ellipse and hyperbola may be ele- 
gantly deduced from the definitions of the curves, by two known 
theorems in plane trigonometry, as follows : 

The sides of any plane triangle being pf ;, r, and u the angle 
opposite to p, and t; its supplement, it is proved in elementary 
works on Trigonometry (Playfeir's Oeomeirf^i Prop. 7 end 8 of 
the IViganomeify) that if 5x3 i(p + 9 + ^)9 

• fti (* — 9)(^ — *•) 9 1 *(' — P) 

IT. ^ 




Let Aa be the transverse axis of an ellipse or hyperbola, F and 
/the foci, and C the centre : suppose the curves to be generated 
by the rot^ition of the radius vector FD s r about F as a pole : 
join Df: let F be the focus nearest to A. 

1. In the ellipse put u for the angle DF)^ and v for the angle 
DFA; also put Z)=: Fa, rf = FA: then Aa= 2)-f c^ F/*= Z>_<^ 
and because D/+ DF = Aa, that is, jy+ rz:zD + d, there- 
fore iy*= D + d — n Let us now assume that Vfsipt Ff^ q, 
then 
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and hence 



{s—p=zr—d, 
s — qzzd, 
s—r=zD—r. 



rsrr, 
HP + q + r) = s^D; 

These values being substituted in the trigonometrical formube, 
and observing that sin. ^ ti = cos. ^ v, we have . 

co8.«if^ =: ^— J. -jr- (Ei)» 

sin.« i » = 2^—^ . — — ...(Eg); 

and because tan.* 4 r = — " ? f therefore 

* COS.* j[ V 

tan.« i r = -J- . J=-j; (E5) ; 

also because cos. v = cos.' ^ i? -— sin.* ^ tr» therefore 

22W~(I) + rf)r 

*=**'•*'= (D — d)r • • (^*^' 

ReTeraely we find from (E,), (Eg), and (E4), 

^= 1 + ^^C08.»ir (E,), 

- ^ = 1 _£^«n.«i r (E«), 

'^■- D + <f + (-0 — d)co8.« ^'^^'' 

If a denote the semi-trangrene axis, and'e the eccentricity, 
then, observing that 2a == 2> + <^ and 2e = D — d, and Dd = 

r= f-^ (EV). 

a + c COS. r \ ^ / 

These are the polar equations of the ellipse, referred to a focus.- 
The formulae are neat; and may be useful, although I have not 
observed that any besides (E4) and (£7) have hitherto been given 
in treatises on conic sections. 

2. In the hyperbola, D/" — DF =z Aa, that is, D/*— r = D— d ; 
therefore DfzzD — d + r. Assume now that D/zizp, Ff^ y, 
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DF = r, and put o = the angle DF/; From the nature of the 
curve, 

p = r + D — dy^ 

q^D + d, [ ^^ (s-p:=d, 

> and hence^ s — q zz r-^ d. 

These values, substituted in the trigonometrical fonnuliB, give 



tan.* J » =: -y • 



rf 7) + r 






22)rf— (7) — d)r ,„ . 



Again, from these we obtain, 

= T 'COS.* \v 1 

r a » 

-= 1^ — sr — sm.* 4 t? 

T D ■ . 



(H5). 



T — 



22>cr 



(Ha), 



Z> — <i + (1> + rf) COS. « 
and, putting a for the transverse axis, and e for the ecc^tridty, 
and observing that Dd = e^ — a% 

r= T^ " (H7). 

a + ecos. t; ^ ''^ . 
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These are the/ioiItireg^ifcilum« of the hyperboh re^ 
and it may be reiiiarked» that if the algebraic sign of D in the 
like equations of the ellipse be changed, that is, if + -Z) be 
changed to — - 2^ ibad — - Z) to + Df they will become identical 
with those of the hyperbola. 

If Aa = 2> + 4 the transTcrse axis of an ellipse, be exceed- 
ingly great in respect of the radios vector r, or its least value df 

then ^ — -J wiU be almost = 1 ; and the ellipse will nearly coin- 
cide With a curve whose equations are 

cos.« J r = p sm.* ivzs -j;— , tan-* J « = -^, 

2d—r 2d d 

COS. 1^=: , r5= 



1 + COS. V smf j^ V 

■ < « 

These are manifestly the polar equations of a parabola of which 
the parameter = 4e^ the radius vector =: r, and the angle it 
makes with a line joioing the focus and vertex s ^ ; hence it ap- 
pears that if 4 the least distance of the focus of an ellipse from 
the vertesc, bo supposed to remain constant^ and the greatest, 2>, 
to increase continually, the form of the ellipse will approach to 
that of i( |iarabola.; and ihe same is true of an hypefbola, be- 
cause one of the opposite hyperbolas will on that hypothesis re- 
cede contSsua}ly from the oth^. Therefore, in the language of 
modem analysis, a parabola may be regaitded at aan. ellgMe or iy^ 
perbobtf of whkh Ae distance of a focus^/rom one vertex cf the 
tranmeree axis is a finxte Une, and the eeceniriciiy is if^nitefy 
greaJty that is, greater than any assignable line* 

The same conclusions may be drawn &om the equations £5 
and H5 of the rectangular co-ordinates of the ellipse and hyper- 
bola 2 for,* supposing 8a iudefimJtely gr^t» while ^ has a finite 
magnitude^ th^se beopme simply ^ s jkt, the equation of af pa- 
rabola* 

Kepler was the first who introduced the notion of infinity into 
geometry : it was indeed a bold step in die progress of the 
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sdence, but it has led to most of the fine dtgcoveries which have 
been made'since his time. 

Wheiiy in the equations to rectangular co-ordinates, the origin 
is at the pole, the equations may be readily changed to politr 
equations ; for then xzsr cos. t; and yzsr sin. v; theref<Hre we 
have now only] to substitute for x and ^ in the former their 
values, and the results will be polar equations. 

Thus, siqpposing the centres of the dOipse and hyperbola to be 
the origin of co-ordinaies, and the radius vector to be a semidia^ 
meter, and u to be the angle which it makes with the transverse 
aads, from equations (E^) and (H^) we find 

"rf'Mn.Hi +5»cos.««'"a*— «»cos.«u ^^^' 

^_ a^l^ _ a«y .jj. 

6^cos.'t«-<--a'sin.^ti Vcos.*»— a* ^ ®^' 

These are the equations of the ellipse and hyperbola, the can* 
tres being the poles. In this way all the other polar equations, of 
the curves might have been found ; and, by a reverse process, 
the equations to rectangular co-ordinates may be deduced fipom 
the polar. 
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SECTION III. 

ANALYTICAL INVESTIGATION OF SERIES FOR 
THE ARSAS OF THE CIRCLE AND EQUILA- 
TERAL HYPERBOLA. 

' ■ L The quadrature of the parabola was perfectly accompUshed 
by Archittiedeft: but it has been found impossible to find rectili^ 
near spaces exactly equal to eUiptic and hyperbolic areas ;'tfaese 
can only be exhibited numerically by infinite series. Inwhatfol-^ 
lows, series will be investigated from principles as elementary as 
the nature of the subject will admit of; but it will be necessary to 
employ the symbols of algebra in the reasoning ; and the inves- 
tigation will be confined to sectors of a circle* and equilateral 
hyperbola, from which sectors of any ellipse and hyperbola may 
be found. 

The following geometrical proposition is to be premised. 



Theorem. 

La C be the cenire of a eirekf w of an equilaieral hyperbola^ 
and CA the semUranweree axis; lei ACB, BCD, he two equal 
sedore of the circk or hyperboUh ond let AHK, a tangent at the 
vertex A, meet the iemidiameters CB, CD m H and K. 

In the circle, 2CA : AK = CA« — AH« 2 CA • AH, 
In the hyperboh, 2CA : AK = CA"" + AH< : CA * AH. 
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In each curve, draw DA, Da to the extremities of the axis ; let 
the chord AD meet the semidiameter CB in O, and draw DE 
perpendicular to the axis. 

Because AO zz OD (3, 3, E. and Prop. S3, Fact III.), and AC 
= Ca, the lines CH, aD are parallel (2, 6, E.), therefore the 
triangles CAH, dED are similar. 

Now ED2 = AE • Ea (35, 3, E. and 21 of Part III.), 

therefore AE : ED =2 ED : E« (16, 6, E.) ; 
hence the triangles DE A, aED are similar (6, 6, E.), 
and eac^ is sim^Ar to CAH, therelbre 

dE : ED S3 AC : AH s AC^ : AC • AH; 
Mid AE : ED =s AH : AC sz AH» : AC • AH. 
Hence, in the circle, 

aE-^ AE or 9CE : ED zs AC* — AH* : AC • AH, 
and in the hyperbola (2^ 5, E.), 

«E + AE oar 2pE : ED o AC» + AH« : AC • AH- 
But 2^E : ED = 2eA : AK5 
tlrtrefiwe^ in the circle, 2CA 3 AK = AC* ~ AW' : AC • AH ; 
and, in the hyperbola, 2CA : AK » AC* + AH« : AC • AH. 



Problem I. 

2. To mvesHgate formuUs that shall express the reciprocal of tiie 
area of any sector of a drcle, or of an equilateral hyperbola. 

N 
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Let ACD be a sector of a circle or hyperbola^ and AC the ra- 
dius of the circle, or semitransverse axis of the hyperbola : let 
the sector be bisected by the semidiameter CB, and, again, each 
of the sectors ACB, BCD by the semidlameters CP, CQ, and so 
on ; thus dividing the sector ACB first into two equal sectors, 
then into four, then into eight, and so on. Draw tangents to the 
curves at the alternate points A, B, D ; and because, from the na- 
ture of the curves, the chords which join these points are ordi- 
nates to the semidiameters CP, CQ which pass between them, 
the tangents will intersect each other at G and L, points in the 
semidiameters (1 Cor. Prop. 10, Part III.). Join A, By and let 
the chord AB meet CP in I ; and because thie triangles ACI, 
BCI are equal (38, 1, £.), and also the triangles AGI, BGI, the 
triangles CAG, CBG are equal. In the same way it appears that 
the triangles DCL, BCL are equal. 

Again, because the semidiameter CB bisects the chord which 
joins the points P, Q, it will bisect GL, the tangent parallel to 
the chord ; therefore the triangles GCB, LCB are equal. Hence 



APPENDIX. 195 

it appears that the triangles ACG, GCB, BCL, LCD are all 
equal ; and this will be true whatever be their number. 

3. Let AK, a tangent at the vertex A, meet the semidiameters 
CP, CB, CD, in G, H, K. Put a to denote CA, the radius of 
the circle or semiaxis of the hyperbola, and let the lines AK, 
AH, AG, &c. be denoted by t, <', r, f^, <*^, &c. These lines 
in the circle are the tangents of the arcs AD, AB, AP, &c. We 
shall, by analogy, consider them as tangents corresponding to the 
sectors DCA, BCA, PCA, &c. in the two curves. 

Li the figiure, the polygon contained by the semidiameters C A, 
CD, and the tangents AG, GL, LD, is made up of four triangles, 
each equal to the triangle ACG ; but if each fourth of the sector 
were again bisected, and tangents drawn at the extremities of 
the diameters, there would be formed a polygon made up of eight 
equal triangles ; each repetition of bisection doubling the num- 
ber of triangles. Suppose that in this way a polygon has been 
formed composed of sixteen equal triangles. The area of the 
triangle next the semiaxis CA will be ^ at^^; and, in this case, if 
P denote the area of the polygon so formed, 2P = I6at^, 

Now, by art. 1, 2a : t •szc^ zp: <^ : a<'; therefore, c^t 
=f^t^ ^=2aV; hence the following identical equations are formed. 



a a 


tf 
■2a' 


a a 
2tf^ U"'' 


if' 


a a 

4^' "" 8r " 


if'' 
'=§5' 


a a 
8^ "" 16<»^ 


"*"16a* 



By adding these, and rejecting terms common to both sides 

of the result, and putting 2P instead of I6at^^, we obtain 

2 — fl { t . i» t^ f^ 
t ""2P 



t2a+ 4a"*" Sa"*" 16a J 
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and from thii agm^ 

This is ^ particuUr case, but tke properlj is g^peral^ aad is an 
elegant geometrical tbeorem» not comnioDlj kfHi^wPt wUeb may 
be enunciilted as fotk^w»: 

Theobem. 
If a sedor pfn tyt^ 9f (m equM^rat hgpaM0^ btiifften Hi se- 
fTtwiflrff mmI AMf JMiuliaMMlv. Atf <iiiisiirt/ &if tpfnidiatmttws into 
3^ equaipdrU (n hemff any membef)f tmdHraiffhi lines be drawn 
touching the curve at the vertices of the extreme and intermediate 
semidiameters ; then^ putting F/or the area cf the polygon con^ 
tamed by the esctreme semidiameters and the lines which Umc^ 
the curvft, and ifofr th^ Umgent efihs vBihslk sectpTf tf fit thai of 
its ha^f r fir thai ef its fiuwthy and 9oantoi^\ the iastqf the 
series (which wrli be the tangent of ike sector neaat the semiaxis% 
and a for the semiaxis ; we have 

rP=T*{i'+J'+5'---+Fn- 

the upper part of the sign =±= applying to the circle, and the 
lower to the hyperbola. 

By making 2" equal to 2j 4> d, 16, &c. successively, we may 
have a polygon which shall differ from the sector by less than any 
assignable space. If we suppose 2^ indefinitely great, then the 
polygon may be considered as equal to the sector ; so that, de- 
noting the sector by «, • 

^a^±ta{Jir + J«» + ir + TV»^ + Ac. } .(A), 

1 I ll * * »■« » II' .llll O n il i»»*— — ^» 

* The above tl^^rem, and others of a like kind, were given by the 
author of this treatise in a Memoir read in the Royal Soeiety of Edin- 
burgh in June 1806. 
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the series being cojatinued tndefiniteljr : this is a solution of the 
problem. 

This formula will still manifestly hold true if ^ be put fbr #, 
provided ^ be put for t, <* for i', &c. ; it then becomes 

T = T*t5"*"'i'^'ar + *^7 <-^>- 

t* he upper part of the sign =tz applies to the circle, the lower 
to the hyperbola. 

4. In applying the formula, the values of the tangents AM 
= f', AG z= ^, &c, must be found from the first t and from one 
another* 

In the circle we have found (art. 3) that 

a € Ha ... 

Hat ^ ^ 

By taking the squares of these equals, ,then adding 4 to the re- 
sults, and taking Che square roots of these last, we have 

? + 5=Ty{^+^| : (2> 

By subtracting (1) from (2), we find' 

'=T{y(>4)-'}- 

Similarly we may find 

A few of the quantities ^, tf, H", &c. may be computed from the 
formula ; but when one (jlf\ for instance) has been found such 

that — is a small fraction, those which follow may be most 

readily computed by a series Obtained from^ f I + — jj by evo- 
lution, or the binomial theorem ; thus, since ^ 
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nearly. 

5. For the quadrature of the hyperbola, the tangents fyif'y 
&C. may be found from the first t by formulae entirely similar 
to the above> differing only in the signs of the terms. In this 
curve, however, the tangents have a property which those in 
the circle have not, by which their computation may be facili-> 
tated. For since, in the hyperbola, 

a : < z= a* + «« : 2af .(art. 1), 

therefore, o + t:a — t=ia* + 2at+t^ia^ — 2at +f*; 
that is, a+t:a—t = (a + tfy%{a — i!y. 

Hence 1+1 =(1+.^*-, 
a — i' \a — tj 

and.Binularly.l±-j:=(l±-3*,&c. 
Now,letJ±-; = ««; then^^ = t,j 2+^=:„i&c.; 

t i;2_l V V^\ f » — 1 . 

and hence - = ^ , , » — = , , , — = -t , «c. 

a 1^ + 1 a v+y a ^i^^ 

By these formulae, in the case of the hyperbola, all the tan- 
gents Ifyify &C. may be readily found from the first. 

6« From the preceding investigation, we have the following 
formulae for the areas of sectors of the two curves. 

L— THE CIRCLE. 

Let 8 = the sector A CD, a = AC the radius, f = angle 
ACD. Putting instead of t, ty fy &c. their values a tan. p, 
a tan. -^p, a tan. ^9, &c. in the series (A), we have 
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II._TH£ HYPERBOLA. 

The values of — ^ — , — • &c. found, as directed, in art. 5, 

a a a 

bemg substituted in formulae (A) and (A^), they become 

(Hx) 

(H'x) 

7. Example of the Application of the Series (Cj). 

To find the ratio of the diameter of a circle to its circum- 
ference. 

Let this ratio be that of 1 : ^r, so that when the radius = 1, 
the circumference = 29V and the area = rad. X i circum- 

ference = *, and supposing s a quadrant, ^ = t* When f 

= 90^, cot. f = 0, and the series gives 

2 

- = J tan. i p + i tan. i f + ^tan. i p +f&c. 

AT 

The tangents may be computed by the formulae of art. 4, for 
finding f from ty f from f, &c. which, by putting a for any 
angle, may be expressed thus : 

**"•*«= {ti^v'(l + tan.««)-l} 

Putting now f, ^f, ^f, ^f, &c« instead of a, and observing 
that tan. jr ^ =: 1, we find 
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Tan. i f = 1 ^ lai». I f = -dOOOOOOOOOO 

Tan. i f = -41421356237 J ^ tan. ^ ^ = -10355339059 
Talk ^ ^sr 49891286736 ^ tan. ^ f c= -02486404592 
Tan. tV f = -09849140336 ^ teoL ^ pz= -00615571271 
Tan. ^ f^ :±: -CUkSOtltdBflOV? VI tttb. ^ ^ t^ '(19153521406 
Tan. ^ f = -02454862211 ^ tan. ^ ^ =: *00038d57222 
Tan.yi^f= -01227246238 j^ tan. yf^ ^ = -00009587861 
Tin. si^^zz •006136000]« ^ tan. ^ ^ = -00002396875 
Tin. j{^fts -0080679711^0 yf y itati. yi^ p = -0000059921 

^ of the preceding term = -00000199738 



- = -63661977237 



f = 3-1415926536 
This number, a most important element in geometry, is true 
to the hat figMve. 

Problem II. 

8. To invisHgtUefcrmuUB which shaU express ihe secandpower rf 
the area of a circle^ or equiiateral hyperbola. 

Let the letters a, iy 0^ if', f\ f^, P, s denote the same things 

a f %i 

as in Problem I. It was found that -> =p- = -r- ; from this, by 

t a t ^ 

a^ t^ 
taking the squares of the two equals, we have -^+— =F= 2 

4a^ 
z= --s-* "Hence there is obtained the following series bf identi- 
cal equations. 

^- -^ 4. 1 i! ^ 



fi-^if^ ' 4 a* "^ 2* 



2*<«""4«<'^ • 4« o« ^"^ 2-4 
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"■ A3 «8 "^ O.A* 



+ 



82<«« ■" 16*^>^2 ^ 4* o^ "^ 2-4' ' 

which may be coDtinued to any extent. By adding tixeie and r e- 
j0btio|^ terms common to both sides, and putting (2]^)^1br i}» 

equal (leo^iv)*, we have 

a* ^ J4P« ^ ? V 4 ^ 47 

t.'*"4a«^'Pi^ ■*■ 4»^ "*■ 4*"^' 

1 i 1 

The {SUM of tke .geometrical series 1 + j + tj + "35 w 



~ (l — -^t)* Sfnowy imtead of four terms>we suppose their 

number to be n, and put ^('*) to denote the last tangent m the series 

4/ 1 \ 
tfiiyt^yt^j Ac^ and ^(1 ■*- -i« ) ft>r the geometrical series, and 

|;j- f — J ^44 \~") > ^'^ ^^ ■^^'^ t»n$po8iiig leKaa^i the 
following proposition : 

TOEOKEH. 

If a sedar of a icircle, or lequUaterai hii[perb<^ between Us semiaxes 
and any semidiamdery be dmded by eemdkmders \a$ in the 
Jig. of Prop, /.) irUo 2~ equal parts (n being any n^mber)^ and 
straight lines be drawn touching the curve at the vertices of the 
extreme a$id intermediate semi^Utxmetersy then,>puiiing Ffor the 
area of the polygon contained 'by the extreme semidiameters and 
the lines which touch the cume, and t far the tangent of the 
whole sector f t for that of its half , ffor that of Us fiurAy and 
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so an, and (^^^ for the tangent <if (he last in the eeries ^ P, Sfc, 
(which unil be the tangent of the sector next the semiaxis), and 
a for the semiaxis, we have in every case 



the upper part of the sign db applying to the cirde, and the 
lower to the hyperbola. 

This is a second elegant geometrical property of a polygon 
described about a sector of a circle or hyperbola. 

If n be increased continually, the area of the polygon will ap- 
proach to Sf the area of the sector, which is its limit; therefore, 
supposing n to be indefinitely great, we have 

l? = T=^3^-iT+F + lJ + *"-J (^^ 

the upper part of the sign =±z applying to the circle, and the 
lower to the hyperbola, and the series being continued indefi- 
nitely. 

From the nature of the expression, we may evidently change 
s into ^s, provided we also change t into f, and t! into tf, &c. 
Hence it follows that 

9. To determine the quantities ^, tf^, &c, it has been found 
(art. 4) that in the case of the circle, 

-| = ^(o* + «•)-« (1). 

Now ./ (a* + <8) — a = -77^-r— -gr— — ; 

a 1 

therefore --= .. » , .ox , — (2). 

hence, taking the product of (1) and (2), 
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t^- ^(a« + «8) + a ^^^' 

This is for the circle, but by a like process we have for the hy- 
perbola 

fl^ " a + v' («* + ^) '^ 

By these the terms ^, tf*\ &c. may be derived each from that 

before it. 

The series (B) is alike applicable to the two curves, but its 
form may be modified by properties peculiar to each curve. 

10. In tlie circle, supposing a the radius = 1, and putting p 
for DC A the angle of the sector, or the arc AD, then t = tan. 9, 
^ = tan. ^ ^, ^ = tan. ^ f , &c and from (c) the first of the two 
formulae (art. 9) observing that sec 9 cos. ^ = 1 

^o sec. p — 1 1 — COS. 9 ^^ 1 — cos. i 9 ^ 
sec. 9+1 1 + COS. f 14- COS. ^ p 

Considering now that * = J rad. x 9 = i P> we have (by B') the 
following formula, 

To find the length ofp any arc of a circle. 

{I 1 4- C08.p 1 

T'l— C08.p "^ "6" 
J 1 i_cos.^p J_ J_--cosJ_p 
,14* 1 + cos.\<p "*" 43 1 + C0S.4 p 

1^, 1^C08.^P C I 

^ 4* 1 + COS. i p ^ J 

The cosmes may be derived each firom that before- it by a known 
formula, viz. 

_ 1 /I + COS. ® 1 /I + cos. i p 

Cos. -2 p = V -^— ^ «>»• T ^ = y 2 • 

11. To find a similar expression for the hyperbolic sector; 
put X for its absciss, y for its ordinate, and t for its tangent ; and 
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similarly or, y^, and f for the absciMS drdinkite, and tangent of its 
half. 

We have found (art. 6) thatf ^ ) = -^i 
Now by aimilar .tciangles - sr — , theiefbre — ^ . = — ^-^ 

therefore (fl±iiy = fl±if ^1); 

fipom which it follows that {^^^^z=^ ^^^ (2), 

as will appear by mu}tipl]4ng'the ooireiiKnidiQf sides d*lihe two 
equations. 

By adding (1) and (2), ^we find a^ +^ss€». 

Now a;* — y* = a* ; 
therefore, 2«^=:« (a? + «), and Sy** z= ti (a? — a) j 



hence, observing that -= ^, we have -^s: j=-= — — . 

a of .tr vT" ar«f-0 

Exactly in the same way we may find 

a« "" ^'^.a' "S?" «" + a' ^" 
Again, since 2a;^ = a (a; 4- a), we have similarly 
2«« = « (ar' + a), 2a?'"»= o (a?" + a), Ac 
The result of the analysis -in the case of the hyperbola may foe 
stated as follows. 

12. To^find'^ areaqfaieci&r {fanequilaieral h^fperbola. 

(Ha). 

Let 8 denote the area of the sector ACD, a the semiaxis, and 
X its absciss. Compute the series of quantities sifj af'y Qi*\ &c. 
from these formulfie ; 

k I. 
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Then, from the formi|la (B') we hav^ 

/ x + a 2 
a* jx — a 3 
7^) fl ar-^ 2. ^—^ *' x^ — a \ 

The terms of this series, like that for ^hecircle, approach to 
those of agjeometfical series, of which the ratio ia one sixteen^ ; 
so that wh^ a term has be^a found nearly one ioi$rth of that t^^ 
fore it^ the ^um of those that follow wil) be inearly ope fifteenthi 
®f that term. 

The trigonometrical tables ^ply elegantly to the general £n^ 
mula (B) ia the case of the hyp«rbola> by thje analytical artiEcQ 
of subsidiary angles. 

Let 2p be any angle/ because 1 =z cos.*f?+ sin.*!p, and sin, 
Sf = 2 sin. f COS. f ; therefore, 

1 4. sin. 2(p = cos.'f 4-2 cos. f sin. ^ -{- sin.^ f^= (cos. ^-{-sin.p)' 
1 «!^-^ ski. 2^ = COS.' 9—^2 cos^j^sm. f 4- atn.? <psr(cos^ f-— cio. fY 

Now (cos. f + sin.^f}*= cos.^"^ (1 + tf n« f)% 

and (co& f -^suu^^)^ ooe.? f (1 -^tan. f)^^ 

^, - 1— sin. 29 /l~tapwp\* 

therefore, c-- — : — ^ = ( r— ) . 

1 + sm. 2f \1 Hh ^i^* f / 

2 



We have found that in the hyperbola 






this expressioui copipared with the angular formula^ ^hows that 
t is related to f exactly as the sine of an angle Is to tfte tangent 

t <' 1 

of its half; so that if we assume -=sin. tf, then -=: tan. - 4 • 

a a 2 * 

and if sm. / =: tan, ^ 0, from - = sin. ^ we have- = tan. J ^,and 

80 on. 

Now, X andt/ bein^ the co-ordinates of a^ hy|^r&q)ic sector, 

^ y A ' A ton. ^ • « V tan. tf ^ . 

- z= ^ ; and sm. d = ■. ; therefore ^ = -2^. This equa- 

a X seed X seed » c4Utt 
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tion is satisfied by making f = sec. i and- = tan. 0, for then 

a a 

— g-^ = 1. Let C denote the angle of the sector; then 



a 
tan 



^ y tan. d . . 
. C = -= ^ — sin. $. 



X sec.^ 

From the preceding analysis we obtfun by substitution in for- 
mula (B), and observing that f being any angle, 2 sin.' f =z 
1 — cos. 2 f, the following expressions. As usual, let a be the 
semiaads of an equilateral hyperbola, s a sector, x and y its co- 
ordinates, i its tangent, C the angle of the sector ; to find ; , the 
area, having given any one of the quantities x, y, ty C. 

1. Find an angle ^ from one of these equations, cos. ^ = - ; 

tan. ^ = - ; sm. ffzz - = tan. C. 
a 'a 

2. Fbd a series of angles ^, ^, ^% &c. such that sin. # = 
tan. ^ ^, sin. ^ = tan.^ ^, sin. iT' = tan. ^ ^, &c. 

3. The area s will be expressed by either of these formulae ; 

7 = il^tf""5- {8i'^-'^+lBin.*^+^sin.»^+,&c.} , 

(H-J) 
8 8 



l_cos.2tf 3 
-{Kl-cos.20+g 



( 1— co8,2^) + ^ ( 1— cos.2tfv) + , 



&c.| 



15. The following examples will show the application of these 
formulae. 

1. To find the ratio 1 : t, viz. the ratio of the diameter of a 
circle to its circumference from the series (C^). 

In this case, making f =90^, we have 
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cos.^=0 

C08.i9=0-707 10678 
co8,:Jp=0-92387953 

cos4p=0-98078528 -^ 



iJ±^^+i=A= .416666667 
4 1 — co8.f 6 12 

1 1 — cos.-^9 



zz -010723305 
= -000618221 



4^ *1 + C08.if 
1 1 COB,^^ 

4^ '\+cos.\f 

1 1 — cos.^p 
4* 'l+cos.^^ 
^ of the preceding term = -000002526 

•011381945 



= -000037893 



9 
4r=2^ 



-^ = -405284722 

z= 1-5707964 
=3-1415927 



2, To find *, the area of a sector of an equilateral hyperbola, 
supposing a the semiaxis c= 1, and x the absciss of the sector 
= 1-25, 

Proceeding according to the formula (Hg), 

1^ — I = 9 — f =y = 8-33333333 



a/ =1-06066017 



a:^ =1-01505176 
«"'= 1-00375589 



\ txf—l 
4V+I 



= 0-00735931 



1 0?"— 1 



4* V'+l 
1 x"'—\ 



r = 0-00046685 
= 0-00002929 



4' V"+l 
-^ of the preceding term = 0-00000195 

0-00785740 



«' 



= 8-32547593 



s = 0-3465736 
3. Taking the same example, to find s by the angular formula 

(H'«^). 

a 4 3 

Because a = 1, a? = 1-25, therefore cos. tf = - = -r, sin. d = -r 

X iy o 



■ — ■■ TT"^ t- 



iM AFPBKBDI. 

25 . '* l+cos.^ 'x-TOy 

in the present case = ^. Pf Aieeeding now according to the ibr- 
mula, we have, from Hutto9%. TaUe of Natural Sines and Tan- 
gents, 

tan. ^ = ^ = !f|B8a3dS = sin. (^ =zl9^ 28^28) 

tan- (i^ = 9°44'-14) = •1716739 = sin. (r = 9 62-76) 
tan. (ir = 4 56-38) = -0864377 = m. (r = 4 57-5) 
tan. (il^s 8 26-75) = *0439dQa =: sin, (^^ .= 2 28-8). 
Haying found an angle ^^ to be ^ of that before it, the same 
would be true of all that follow ; it is therefore needless to go 
farther. Indeed f is not wanted. 

4 8 76 ^ 

ey "^ ^\ ■■■" Vi' M! Mf Ml Mf Ml X' M 



8in.«^ 3"" 9 

om. S#ssl— ftsio-'^s^ KI — cos.2r)= -HHIU 

COS. (3 4^=3 19» 45'*52) =r -941 1 14d ^ I — eos. 2^) =r <N)7d594 
COS. (2 ^''= 9 65 ) = -9850593 ,^^(1 — co8.2r) = -OOO^Ce^ 

1 V of preceding term =r * €0003il 

•1189686 



-4= 8-3264769 

r T 

M = * 3466736 
This value of t is oorreei ii all its figures. 



THE END. 
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" A beautifully executed Map of England and Wales, which, after caieftil observation and re- 
ference, we can characterise as being among the most correct ever issued."— M»>xmo Joukhal. 

BLACK'S TRAVELLING MAP OF SCOTLAND. 

Oarefiiny oonatmcted trota the beat authorities. With all the Roads and Railroads accurately 
laid down. Size, thirty -two inches by twenty-two and one-half. In a neat portable case, 
4s. fid. cloth. 

*' A handsome looking Map of large dimensions, yet so well mounted that it folds up Into the 
dze of a pocket-book, and admits at the same time of a partial examination." — Spbctatob. 
*•* Smaller Maps of England, of Scotiand, and of Ireland, in pocket cases, price 9b. fid. each. 

BLAIR.— HISTORY OF THE WALDENSES. 

With an Introduetorv Sketch of the History of the Christian Churches in the South of France 
and North of Italy, till these Churches submitted to the Pope, when the Waldenses continued 
as formerly independent of the Papal See. By the Rev. Adam EUalr. a vols. 8vo, Sis. cloth. 

BOYER AND DELETANVILLE'S NEW FRENCH AND ENGLISH. AND 
ENGLISH AND FRENCH DICTIONARY, with various additions, corrections, and Improve- 
ments, by D. Boileau and A. Picquot. New Edition, revised and corrected by the last Edition 
of the Dictionary of the French Academy. 8ro, ISs. bound. 

BREWSTER.— A TREATISE ON MAGNETISM. 

By Sir David Brewster, LL. D., F. R. S., Corresponding Member of the Royal Institute of 
France, Ac. Ac. Illustrated by upwards of 100 Engravings on Wdbd, and a Cluut of Magnetic 
Ourvea. Post 8vo, Ob doth. 

*' The splendid article by Sir David Brewster on Magnetism."— MoaNUio HmA'r"- 

BREWSTER.— A TREATISE ON THE MICROSCOPE. 

By Sir David Brewster, LL. D., F. R. S., Corresponding Member of the Royal Institute of 
Fmnoe, Ac. Ac. With Fourteen Plates. Post 8vo, Oa. cloth. 

BRIOHAM— REMARKS ON THE INFLUENCE OF MENTAL CULTIVATION 
AND MENTAL EXCITEMENT UPON HEALTH. By Amaria Brigham, M. D., with a 
Prefhee by James Simpson, Esq. Advocate, Author of the Philosophy of Ediicatioo. Fourih 
Edition, 19mo, la. 

BROUGHAM.-A LETTER ON NATIONAL EDUCATION TO THE DUKE 

OF BEDFORD, K. G. from Lord Brougham. 8vo, Is. sewed. 
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BBOWNE.-WHAT ASYLUMS WERE, ARE, AND OUQHT TO BE, 

Being the tahituuse at FIt« LecAofea delivn«d Iwftnw the llanagvn of the Monlraee Bo^kI Lu- 
natic A>7lttin. Bv W. A. F. Browne, Surgeem, Medksal SaMrintendentar the Moatroee Boral 
lAnatie Allium, formeriy Pinideat of the Bojnd Medtel Society, Bdtnhingh, &o. ftc Fat 
8vo, Se. cloth. 

BVCHANAN.->A COMPREHENSIVE ATLAS OF MODERN GEOGRAPHY, 

Otwiletlng of Thirty Mape, ooneetly engrared from new Brnwing*, containing the latw 
Biseoverlee, and embodiring in each Map a great Tarietjr of Statistioal and other detail*. Bf 
Bebert Bnohanan, Teaeher of Matheinatint, Geogxapby, &o. Quarto, ooloured, lai. hound. 

BUCHANANI (GEO).— PARAPHRASIS PSALMORUM DAVIDIS POETICA. 

Com Selieinatii Metrorum et Kotta, aooeMemnt oanea mineUanea ex eeterif ^fotden oumiikt* 
hoe. Bjr A. and J. Diddnjon. Iflmo, Si. bound. 

BUSHNAN.— THE PHILOSOPHY OF INSTINCT AND REASON. 

By 1. SteTeneon Builinan, M. D., F. L. S., &c. &e. &c. 



fle.oloth. 



Small 8TO, with Sight Illaetratloiu. 



CAMPBELL.— SPEECHES OF LORD CAMPBELL, 

At the Bar ana In the Houae of CommoiM ; with an Addrees to the Irish Bar at Loid Chan- 
oellor of Ireland. 8to, 8i. doth. 

CAMPBELL.— A MEMOIR ON EXTRA UTERINE GESTATION. 

Bjr Dr Wm. Oamtibell of Qneen's CoUego, Sdinbnzgh, F. B. C. S., 4(o. &«. gro, gk 0d. boaids. 

CANADA.— VIEWS OF CANADA AND THE COLONISTS; 

Embradng the Bzperlenoe of a Bealdenee ; Tlewe of the Praeent S^te, Progrea, and Pre- 
•peetsof the Colony ; with detailed Pmctioal Information for Intending Kmigranti. fi^ a Four 
z eaif Beddant. Foap. 8vo, with a Map, 4e. ed. cloth. 
" The wotk of a durewd and tmthAil obeerrer."— Omowul Oasbtr. 

CARRUTHERS.— THE HIGHLAND NOTE-BOOK; 

Or Sketehefl and Aneodotei. By R. Ckuruthera, InveraeM. l8no, 4m. eloth. 

" The pre w nt Tolume li more than umally intereeting, aa giTing ua gUmpee* Into Macbeth'* 
country, the mountain and moorland faatnema, in which the voung CheTaJier** Rebellion waa 
doaed, and the Dlatriet (wept by the Moray ihira Flooda, made daaiical ground by the delightful 
aarrattve of (Sir Thomaa Dick louder."— ATaatuBOM. 

CARSON.-PH/EDRI FABUL^, 

AugoaU LIbertI Fabularum Aeaopianim, qoaa oeuHa poeromm aul^id fha eat, librae quinque, 
oum Indloe rerborum phradumque dlflScilionun Anguoe redditonim. Edidlt A. R. Quaony 
Ufc D., Lata Beotor of the High School, Edinhucgh. XdJtio Sezta. 18mo, 8k bound. 

CHRISTISON.—A DISPENSATORY; 

Bdng a Commentary on the Pharmaoopceiaa of Oraaf BrUahi, oomprlMng the Natural EDaton/ 
BeacrlpUon, Chemiatrv, Phaimacy, Aotiooi, Uaea, and D oe e e of the Artidea of the Materia 
Medioa. By Robert dhfiatlaon, M. P., Prafeawr of Materia Medloa in the Univeraity of Edin- 
burgh. New and improTod Edition, with an Appendix on New Medicines. 8vo, 18i. doth. 
" We earneetly recommend Br Chrietiaon's IMapenntory to all our readers, as an indlapenaable 

oompsuoion, not in the Study only, but in tho ' Bnigery' also."— Bkit. akd Foa. Mao. Rkvibw. 

CHRISTISON.—A TREATISE ON POISONS, 

In lelatioa to Medical Jurisprudence, Physiology, and the Praotloa of Phydc. By Bobert 
Chriatison, M. D. , Profeasor of Materia Medica in the University of Edinburgh, &e. &o. Fourth 
Edition, enlarged, corrected, and improTcd. Sro, 90a. doth. 

** It Is beyond comparison the moat Talaabb Praetioal Treatise on Toxicology extant"— LoRjnii 
ManicAi. AMD Physicai. Joukmal. 

CHRISTISON.-THE KIDNEYS, 

Bdng a Treatise on Granular Degeneration of the Kidneys, and Ita connection wUh Dropay,- 
Inflanunation, and other Diseases. By Robert Chxiattson, M. D., Profeasor of Materia Medica 
in the TTniTersity of Edinburgh. Ovo, 8i. doth. 
" The IIlustratiTe cases, thirty-one In number, are narrated with Dr Christiaon's uaoal elcameas, 

and, like the rest of the work, are highly inatructiTe. We atroogly recommend thia bode to out 

readers." — ^Lonsch Mjboicaj. OAzsrra. 

CLEGHORN.-A SYSTEM OF AGRICULTURE. 

By James Cleghom, Esq. With Thirteen EngraTtegs. 4tOj 9s. doth. 

" The best account of the Agriculture of the Scotch Counties is to be found in Black's Edition of 
the Eneydopsedia Britannica." — Looson's AaxKuiAvxx, p. 1178. 

CLERK— NAVAL TACTICS, 

Being a Systematical and Historical Essay, in Four Parts. By John Clerk, Esq. of Eldin, 
F. B. B. E., &c. Third Edition, with Notes by Lord Bodney, an Introduction by a Naval 
Officer, ami expteaatoiy Plates. 8to, SSs. doth. 

COGSWELL.— IODINE. 

An Experimental Eaaay on Che relative Physiological and Medicinal properties of Iodine and 
its Compoanda ; baing the Harvdan Prize xHsaertation for lflS7. By Charles Cogswell, A. B., 
M. D., Member of the Royal College of Suigeona, Edinburgh, &c. &c. 8to, as. boaida. 



PUBLISHED BY ADAH AND CHARLES BLACK. 



COOPER.— A DICTIONARY OF PRACTICAL SURGERY: 

Comwehen^ng all the moat interesting improvementa from ib» earliest times down to the pre> 
sent Period ; an account of the Instruments and Remedies employed in Surgery; the etymo- 
logy and signification of the principal Terms ; and numerous Befezences to ancient and modem 
works, forming a catalogue of Sui^cal Literature, arranged according to subjects. The Seventh 
Edition, reTiaed, corrected, and enlarged. By Samuel Cooper, Senior Surgeon to the tTniTer- 
dty College Hoefdtal, Londoa, ProfesBor of Surgery in the same College, Surgeon to the Queen's 
Ben<^, &c. &c. &c. Thick 8to, aoe. cloth. 

COOPER— FIRST LINES OF SURGERY, 

Being a Treatise on the Theory and Practice of Surgery, inoludlng the principal operatloiu. 
By Samuel Cooper, Senior Suigeon to the University College Hospital, London, and Frofeawtr 
or Suzgery in the same College. Seventh Bdition. 8to, 18b. cloth. 

CRAIOIE.— ELEMENTS OF THE PRACTICE OF PHYSIC, 

Presenting a Tiew of the present state of Bpedal Fathologr and Therapeutics. Bv ]>avid 
Cralgie, H. D., F. B. 8. E., Fellow of the Royal College of Physicians, Edinbnigh, Physician 
to the Boyal Infirmary, Emeritus President and Extiaordlnaj7 Member of the fioyal Medical 
Sodety, »c &c. &c. 9 volumes 8vo, 40s. doth. 
" We are inclined to regard Dr Craigie'i ElementB as the best we at pnsent possess."— Lgwnwr 
MaoicAii Qazmtt*. 

CRAIOIE.— ELEMENTS OF ANATOMY, 

G«Beral, Special, and Comparative. By David Cralgie, M. D., forming the article under that 

bead in the Seventh Edition of the Encyclopiedia Bntanniea. With Fourteen highly finished 

Engravlags. 4to, ISs. doth. 

" Without branching out into umieoesauT details, the leading points of each division are placed 

befbre the reader in a dear and concise (taough suffidentiy comprehenrive) manner, the whole 

fonnlns a volume which may be perused vrith pifeaaurc and advantage, both by the non-profl»ssional 

manofttlenoe and the practical anatomist." — Lamcbt. 

CREUZE.— SHIPBUILDING. 

Being a Treatise on the Theory and Practice of Naval Architecture. By Aogustin F. B. 
Creuze, Member of the late School of Naval Architecture ; President of the Portsmouth Phi- 
losophical Sodety i and Editor of the *' Papers on Naval Architecture." With 15 Engravings 
on Steel, and numerous Woodeuts. 4to, 12b. doth. 
" One of the best, because the clearest, and, at the same time, perfectiy comprehensive disquial' 
tions on Shipbuilding, is contained in the Encyclopaedia Brltannlca."— Livbbfool Mail. 

CULLEN.— FIRST LINES OF THE PRACTICE OF PHYSIC. 

By WUllam Oollen, M. D., formerly Professor ot-Physic in the University of Edinburgh, &o. 
&o. &c. A new Edition, with an Appendix, by James Crauftud Gregory, M. D., F. B. C. S., 
Ac. Ac. S vols. 8vo, 94s. cloth. 

CUNNINGHAM.— THE GEOLOGY OF THE LOTHIANS: 

A Prise Essay, with 8fi Coloured Sections, and a Geological Map of the Lothians. By B. J. 
H. Cunningham, Esq. M. W. S., Ac. 8vo, IBs. cloth. This volume fbrms the Seventh vo* 
lume of the Memoirs of the Wemerlan Natural History Society, and includes Dr Pamell's Prize 
Essay on the Fishes of the District of the Forth, with 67 illustrative Figures ; and the History 
of the Sodetr A^m December 1881 tiU April 1888. 

DICK.— A MANUAL OF VETERINARY SCIENCE; 

Forming the Article under that head in the Seventh Edition of the Encyclopaedia Britanniea. 

By William DkA, Professor of Veterinary Surgery to the Hi g hl a nd Sodety of Scotland. Pest 

8vo, Bb. boards. 
" All Farmers, and Oatile-dealers, Shepherds, Stablers, Coach Contractors, every man who is in- 
terested in the study of Teterinary Medidne, should have Mr Dick's M a nu a l in his poasessiott."— • 
BmMBUBOH AmraaTisnu 

DUTRUC.-A FRENCH GRAMMAR. 

On a New and Oilgiftal Flan, exhibiting the Pronunciation of the French in pute Engli^ 
Sounds i with Conversazione Exercises, preceded by a Method of Questioning and Answering ; 
the whole particularly adapted to Bnootii the way to a perfect acquaintance with the French 
Language. To which is subidned an extendve English and French Menantile Corre^ondencai 
chieSy collected from the beet writers on the subject. 8vo, Ob. doth. 

EDINBURGH MEDICAL AND SURGICAL JOURNAL, 

Exhibiting a condse View of the latest and most important IHsooveries in Medidne, Burgwj, 

and Pharmacy. Publishing in Quarterly Numbers, fls. sewed. 
In every branch of Medical and Surgical Sefence, this work exhibits a valuable eompendious view 
of tike progre s sive advancement of knowledge ; and to those who desire to keep pace with the im- 
nrovements of the times, either in the theoietical departments of Medical Sdence. or in tiieir prao- 
lioal application, the Edinburgh Medical and Surgical Journal is recommended, not on^ as a aJb 
and jndjdoufl guide, but as an mdispmsable requisite. 

EDINBURGH NEW PHILOSOPHICAL JOURNAL, 

Exhibiting a View of the Progreasive Discoveries and Improvements in the Sdenoes and the 
Arts. Conducted by Profeaor Jameaon. Publishing in Quarterly Numbers, 7a. 4d. 
!t*he Edinbuivh New Philoaophical Journal Is now the only Journal of Science, published oat of 
Iiondon. Its plan embraces all the subjects regarded as most important by those engaged in sden- 
tifle purauita ; and for the benefit of the general reader, the informattoB is oonveyfed In a form as 
popular as tiie nature of the sub))eots will admit of. The numbers will be found to oontiiin many 
important articles illustrating the progresB of discoverv in Natural Philosophy, Geology, Chemistry, 
Natural History, Comparative Anatomy, Practical Mechanics, Gieography, Navigation, Statlstios, 
Antiquities, and the Fine and Uselbl Arts} together with many interesting Biogmphka of ladl- 
tldnaia eminent in the history of Sdenooi 
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EDINBURGH PHARMACOPCEIA OF THE ROYAL COLLEGE OF PHY- 
BIOIAKS. SwoBd BDglldi Edttfon. lamo, 8s. doth. 

ENCYCLOP/EDIA BRITANNICA. 

TlM Seventh EdftUtti, edited by P ro ft elor Vnlm. nitutfmtBd bjr MM EngtsTtaige eo Steel, and 
tnaay Thouaenda oil Wood, with a generel index of npwardt of 08,000 liefcraDoee. Twentgr^ 
one Tolomes Quarto, L.87, Ids. oloth, L.4S half boond rutfa or moioted. 

*' This !• the realljr dieap EnejndoiMBdIa, for that only Iteheap whloh le exeeOent.'^ " It is ear 
flrm oonvlction, that the Brltlah pqbBe was nenr before fai p oSMwkwi of a work of this etasi so eom- 
flets In all lis depaitmenti, so Vatled in Its sttt|)ecti, so profound in its Inltmraatlon, or auictiaDed 
tUXh the stainp or aoeh mat anthoritiee in every braneh of the Ait^ Sdenees, and General Llte- 
iaturs.'*f " The llxst thinkers, writers, and aavans of the age, have in this book consolidated a 
body of Philosophy, History, Belles Lettres, Biography, Sdenee, and Art, whloh ftilflls whatever 
Is leaoired fWnn a complete drde of literature aind the Sdenees."! " With the exception of each 
artkues as remain comparatively nnaffseted by the nrom m of time and improvement, by Ikr the 
greater nomber have been written ex pr e s sly for tUs Edition, and, in every inatanoe, by peiaoiis the 
most eminent in the respective departments of knowledge of whleh they have been employed to 
treat."! " To aoeh an extent has this substitution of new matter been carried, that In some of the 
▼olnmes, three^fourths of the whole oontente are entirely new.'l ** For extent of nseftilnssi, and 
modermtfon of prloe, it appeara to ua unparalleled ; and to men whoee fortunea and rooma do not 
permit them the ervforment of a laige collection of books, we cannot eoooeive a noie valuable ae< 
qdalilan than this edition of that most eomprehensi ve of all work*— the Eneyclop^dlaBritannlea.'T 
' " The Index, a work of stapendous lahmir, and, without doubt* the most eon ^ fo i ienslve index 
of mlsoellaneotta litemturs and sdenee In the English language, exhibits In a very striking man< 
ner the vast extent of information contained in the EnoyoTopaedla, and must prove of Inviuuable 
Hrrice to all who have occasion to eonault hooka of reference."** 

** The quality of the jmptirg — ^the remarkable elegance of the typography,— and the beauty of the 
plates, combined with the literary value of its contents, render it the beet, and beeauas the best,— 
the cheapest Eneydopodla ever published In Britain. "ft " Now that the country ii bdng delugiad 
with diluted stuff, compounded from Oermany and America, what hope la there for the Sdenoe 
and the Literature of Ibgland, that pubUahera dare ever again venture on aueh another woric aa 
thla?"» 

" To the Gentleman and the Merdiant, to the Igrleultnriat and the ICannfhetnrer, to the Clergy* 
man and the I«yman, to the Student of Sdenoe or PhUosophy, and the Cultivator of Llteratnre 
or the Fine Arti, the ENcrciiOrsiNA BarrAmrtcA will prove an aoquialtion of the higheat value. 
The great eeope of Its information also recomxnenda It In an espedal manner to emigranta, and other 
persona reddent in quarters whore access to books Is dUBeult, or whose fortunes do not permit them 
the ei\)oyment of extensive Ubmrles."!} " An Australian or New Zealand settler, who left his 
home with no other aoeomplishment but that of bdng able to read, write, and count, migh^ with 
sueh a companion, beguile his long and weary vorage, and become a well-informed man beflm he 
naehed his destination. "Il As a token of rpgard presented by Individuals or associations, no gift 
could be devised better calculated to fulfll the objects of aueh testimonials ; for while the beauty and 
splettdonr of the work oommend It to the ta«te of the donor, iti great practical utility cannot mil to 
render it highly acceptable to the party reoeiving It. 



• AtheoMun. 

f Momlog Chronlde. 
** Caledonian Mercurr. 
if Leeds CooaervattveJoaznal. 



t Dublin Evening Mail. 
I Bradfonl Observer. 
tt Bristol Journal. 



t Talt'a Magazine. 
T John Bull. 
tt Athenaram. 
II Quarterly Review. 



FLEMING.—MCLLUSCOUS ANIMALS, 

Induding Shell Fish ; containing an Exjiositlon of their Structure, Systematic Arrangement, 
Physical Distribution, and Dietetical Tses, with a reference to the Extinct Bases. By John 
Fleming, D. D., F. R. 8. £., M. W. B., Professor of Natural PhUosophy in the University and 
King's Ck>llege, Aberdeen, &c. &c. &c. With Eighteen Plates. Post 8vo, Os. cloth. 

" DbUnguiahed by a perfect knowledge of the very curious and Interesting suh^ect of whleh it 
treats, by a severe and searching analyd^ of the evidence, and a dear and masterly ar r a n g e m e nt of 
the multllkrions details connected wlu it." — Giosoow CoNsri-runoiiAU 

FORBES.— TRAVELS THROUGH THE ALPS OF SAVOY, 

And other Parts of the Pennine Chain, -wUh Obeervatlons on the Phenomena of Gladers. By 
James D. Forbes, F. R. 8., Sec. R. S. E., Correcpondlng Memlier of the Royal Institute of France, 
Piofeswf of Natural Philosophy in the University of Edinburgh, Ac. Ac. A New Edition, Be- 
vlsed and Enhwged. Illustrated by a large Map of the Mer de Glace of Chamouni, Idtho- 

Ephcd Tlews and Plans, and Enxravings on Wood. Imperial octavo, S8s., or with the large 
p edoozed, tn a Case, Sis. 6d. doth. 
" This elaborate and beautUUIy illustrated worit."— QtrAnmaT Bsvibw. 
" Pregnant with Int er est."— Emkboboh Banxw. 



FYFE—THE ANATOMY OF THE BODY; 

Illustmted by One Hundred and Flfty>raght Plates taken parfly tnm the most cdebrated Au- 
thors, partly from Nataie. By Andrew Fyfe, F. R. S. £. 4to, boards, with Descriptive letter- 
press, 8vo, 40s. boards. 

GALLOWAY.— A TREATISE ON PROBABILmT. 

By Thomas Galloway, M. A ., F. R. S., Bceretaty to the Royal Astronomical Sodety. Poet 8vo» 
gi. doth. 

GIBBON— DECLINE AND FALL OF THE ROMAN EMPIRE. 
By Edward Gibbon, Esq. New F4ittcu, in eight vdumea, 8vo, dBa. doth. 




^^??9.?-^DECLINE AND FALL OF THE ROMAN EMPIRE. 

By Bdwud Gibbon, Eta. A new Edition, with Mme account of the Life and WtUingt of tha 
Autlior, by Alexander Qiahnen, Em. F. S. A., and a Fortntt In one thick TOlonWi 8rOt aiM. 
doth. 

GIBSpN.--EUTROPII HISTORl>E ROMAN>E BREVIARII 

Prlmas Quinque Librae ; Kotia Anglldb, ei Tocabolario innateaTlt Oilbertus H. OibwD, in 
Afl ade m ia ajiud OpjMum Bathgate Beetor. l8mo, at. Oi. doth. 



} ^^?J^N— LE PETIT FABUER 

On Eeope en lOnlatore. Far T. G. Gibaon, Maitre de OanTfai's Hoqital, &c. &e. 
cloth. 



ISmo, U. 9i. 



6ILLY.— VALDENSES VALDO, AND VIGILANTiUS. 

By the Rev. W. 8. Gilly, D. D., Author of ** Waldendan Bewjaiehee." Foat 8to, ft. «d. 

*' An eloauent account, fram personal observation, of that small wmuaaniiy of Protestants, who, 
in the eeduded Talleys of the Gottian Alps, have, fur many oentoiies, maintained the purity of their 
ftith and worship, and kepi up the fli« of their vestal chunh, in the midst of privations and perse- 
cutions not yet extinguished."— <2cASTsai.T Bsvisw. 

GLASSFORD.— ITALIAN POETS. 

Being Lyrical Compodtions selected from the Italian Poets, with Tnundations. By James 
' Glassftird, Esq. ofDongalstcn. Seoood EditioD, greatly enlarged. Small 8vo, doth. 

GLASSFORD.— SPH J NX INCRUENTA, 

Or Two Hundred and Twelve original Enigmas and Charades. By James Glaasford, Esq. of 
Bougalston. ISmo, 3s. 6d. cloth. 

ORAHAM.—MUSICAL COMPOSITION. 

Being an Essay on its Theory and Practioe, with an Appendix and Notes, being an extension 
of the article " Muaic." By O. F. Graham, Esq. With numerous Engravings, and copious 
Musical Illustrations interspersed with the Text. 4to, 9s. boards. 

*' A masterly and comprehensive Essay."— Atbxhjbum. 

GRAY.— THE SOCIAL SYSTEM. 

A Treatise on the Principles of Exchange. By John Gray. 8vo, 7s> doth. 

GRAY.— REMEDY FOR THE DISTRESS OF NATIONS. 

Qy John Gray. 8vo, 63. doth. 

HANSARD.— PRINTING AND TYPE-FOUNDING. 

Two Treatises by T. 0. Hansard. Illustrated with Plates and Woodcuts. Post 8vo, OB. cloth. 

"A Printer's Manual which every one in the trade will find it his interest to pgssesB."— Wbst- 
iinsnxBxvuw. 

HAYDON AND HAZLITT.— PAINTING AND THE FINE ARTS. 
By B. B. Haydon and William Haxlitt. Post 8vo, 68. cloth. 

" Mr Hazlitt's dever littie Treatise, written for the * Eacydopsdla Britannica,' has come under 
our notice. We have read no work of that author with anything approaching to the same grattll> 
cation." — QoAamLY Bxvuw. 

HENDERSON —ASTRONOM ICAL OBSERVATIONS 

Made at the Royal Observatory, Edinburgh. By Thomas Henderson, F. B. 8. E., and R. A. S ., 
ProfeRBor of Practical Astronomy in the University of Edinburgh, and Her Mi^esty's Astrono- 
mer for Scotland. Publidied by order of Her Majesty's Government. Yols. 1, 9, 8, 4, and 6. 
Quarto, 19i. boards. 

HETHERINGTON.— THE HISTORY OF ROME. 

Br the Bev. W. M. Hetheringion, M. A. With an Account of the Topography and Statistics 

of Modem Bome. By the Rev. J. Taylor, M. A. 
••• Without suppresnng those traditionary legends which are blended with the earlier records 
of Roman History, an attempt has been made in the present work to distinguish between Fact and 
Fable, and to make the latter subserve the important purpose of eluddating and of flxtaig in the 
Memory those real events firom which the fabulous legends have arisan. with a Map of Andent 
Bcwne. M. bound. 

HINDMARSH.— A SELECTION OF SACRED EPIC POETRY; 

From Milton, Montgomery, Cumberland, Young, Porteous, and Blair. (Marked with Em- 

8 bases. Inflections, and Rhetorical Pauses.) Intended, in connection with a proportion of 
criptaral Beafding, as a regular Sunday Lesson Book. By J. H. Hindmarsh, Teacher of Elo« 
ctttion, Perth AaSemy. ISmo, Is. 6d. bound. 

HOOPER.— LEXICON MEDICUM : 

Or Medical Diotionary : containing an explanation of the terms i|i Anatomy, Human and Com. 
pamtive. Botany, Chemistry, Materia Medlca, Midwifery, Pharmacy, Phydology, Practice of 
Physio, Surgery, and the various branches of Natural Philomphy connected with Medkdne. 
Selected, arratued, and compiled firom the bc-rt Authors.. By the late Robert Hooper, M.D., 
P. L. S. The &venth Edition, revised, corrected, and enlarged. By Klein Grant, M. D., &o. 
&€., Lecturer on Therapeutics at the North London School of Medicme. Thick 8vo, 80s. cloth. 
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CArALOGUE OF WORKS 



lfALTB-BBU27.— PHYSICAL GEOGRAPHY. 

Viteelple* of MaftlwiiMtka], PliTileal, •nd PoUfloal Gcosmphy. Br X. Malte-Bkim. BMoad 
Idttion. IinproT«d tar the addHion of tta* mdat noant Infimnraoii, dnitad bxm vBiiow 
•onreM. With Four PlalM. Sro, Itt. doth. 
« We think tlie traiiakton of MaUe'Ekunl Oeocfaphjr, have daot good mttIm to the pulill*, ty 

iMdeting so vmluble » wotk ■awibto to the IbtgSUk ro de r .'*—gi>puwnwa Bbtibw. 

MALTE-BRUN.— UNIVERSAL GEOGRAPHY. 

Or a DettripCiau of aU tho Parte of the Woiid. B7 M. ICalte-Bnm, Editor of the *' Annalee 
del Yoytgmt" &«• ^> With a OompnheiuiTe Index of 44,000 Kamet. Vine Tolnmee, 8to, 
h.7, cloth. 

MARSHALL.— ON SOLDIERS. , 

Tlie Enliitinf , Diaehaniaff , and Pendoninc of Soldleri, with the Official Doenmonto on ihfln 
Branehea of Military Dutr. Bf Henrjr llarahall, F. B. S. E.» Deputy-Iupeetor-Oeneral of 
Army Homdtali. Second Edition, ttro, 7*. 6d. cloth. 

'* A moat Taluable book, and ought to be in the library of every medioal oAtoer in the pnbHo 
aarrioe, whether of the army or naTy.''->-Bam8a amd ¥<mxum ManbAL Bamnr. 



MARTIN.— THE SEAMAN'S ARITHMETIG; 

Or the AppUeation of the aeveral Balea of that Seienoe to the nirpoaea of the Maritlne Profea- 
rioD ; being intended aa an Introduction to tha Toung Manner prepaaitory to hta learning 
Navigation, and for hia eubeaqoent guidance. By John Martin, Agent, Kinoaidine. 18mo, 
81. Od. eioth. 

*' We doifbt not < The Seamaa'a Arithmetic' win meet with that general fkrour to whieh iti in- 
trinaie exoellenee and uaeAil oapabUltlea ao ftJly entitle it."— Oai^oonum Maacuar. 

MARTIN. (AIME.>-THE EDUCATION OF MOTHERS OF FAMILIES; 

Or tbe Civilixatlon of the Human Baoe of Women. Bj M. Airae Martin. Being the work to 
which the Prlae of the French Academy was awarded. Tranalated from the Third Paria Edi> 
tlon. By Edwin Lee, Eaq., Member or tibe Principal European Medical and Chimiflaal So- 
detiea. Author of the Baiha of Germany, Sec. &c. 8vo, loa. 6d. doth. 

MATHER. -AN ACCOUNT OF THE SHIP LIFE BOAT. 

By Jamea Mather, Eaq. Member of the Royal Phyaical Sodety, Member of the Wetnarian 
Sodety, &c. &c. Second Edition. 8to, la. aewed. 

M ATTHEW.—EMIQRATfON FIELP*: 

North America, the Cape, Anatralia, and New Zealand, deaeriblna theae Countriea, and giving 
a comparatiTe view of the advantagea they preaent to Britiah Settlen. By Patrick Matthew, 
Author of '* Naval Timber and Aroorlculture." With two Folio Mapa, engraved by Sydney 
HaU. Poet 8vo, aa. Od. doth. 

" The information contained in thia work ia of euoh a natare, that every one who haa an Inton. 
tion of emigrating, should, before fixing upon any country aa hia ftrture reaidenoe, oonsolt the Eni. 
aaATUH Fiauia."— DiTKosB CaaoNicLX. 

MATTHEW—NAVAL TIMBER AND ARBORICULTURE. 

Bei]« a Treatlae on that aol^)eet, with Critical Notea on Authoia who have recently troated the 
aohiect of planting. By Patrick Matthew. 8vo, 19b. cloth. 

MENZEL.>-EUROPE IN 1040. 

Ti an Ja t ed finom the German of WoU^g Menxel. Peat 18mo, Sa. doth. 

'* A work which evezy poBtician wiU do well to consult"— Ecijbctic Baviaw. 

MILLER— THE PRINCIPLES OF SURGERY. 

By Jamea Miller, F. B. 8. E., Profeaaor of Sntgery in the Univenlty of Effinbnigh, &c. he. 
Small 8vo, 9a. doth. 

'* An admirable epitome of the aurgical adenoe of the day. Bdng written by a aound practical 
aurgeon, aocuatomed to the public teaching of his science, it haa that deameaa of diction and ar- 
rangement whieh renders it an excellent manual for the atudent, aa well aa that amount of scien- 
tlflo and practical information which makea it a anlb and valuable guide to the practitlooer."— 

IiAMOr. 

MILLER.— THE PRACTICE OF SURGERY. 

By James Miller, F. R. S. E., Professor of Surgery in the Univeraily of Edinburgh, &c. Uni- 
form with " the Prlndrlea." 

" We have no heaktation in atattng that the two volumes form, together, a more comptete text- 
ho6k of aurgery than aaj one that haa been heretofore oflered to tbe atadantb"— Nobthxbh Joobhal 
or MaoiciiiBt 



MILLER.-SCENES AND LEGENDS OF THE NORTH OF SCOTLAND. 

By Hugh MQler. Small 8vo, Tt. Od. cloth. 

" A well imagined, a well written, and a somewhat remarkable book."— AraxMsuM. 

'* A veiy pleasing and interesting book ; hia style has a purity and elegance which remind one 
of Irving, or of Irving's master, Goldsmith."— SracTAToa. 

" A highly amusing and interesting book, written by a remarkable man, who wiU inflUliUy be 
well known."— LxioB Hcirr'k Joowial. 
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MILLER— PICTORIAL ANATOMY. 

Aa Introductory Leetara deUvered to the Students of the School of Design. By lamea HUter, 
F. B. 8. E.* &e. &c., ProfeMor of Surgery in the Univeni^ of BdinbuigS. 8ro, 1b. 



MOIR AND SPALDING.— POETRY, ROMANCE, AND RHETORIC. 

By William Spalding, Proileaaor of Rhetoric in the University of Edinburgh, and George Moir, 

Eiaq. Advocate. Poet 8vo, Ot. cloth. 
" The article ' Poetry, by Professor Moir,* Is preflkoed by an eloquent and perspicuous exporitioQ 
of the mental and moral qualities requisite to its production ; and the distinction between the pro* 
vince of imagination and of fltnoy evinoes discrimination at onoe aoeuxate and profound."— SxKrni 
CUzrnx. 

MOORE.— ELEMENTA LINGU>E GR>ECiC. 

studio Jaoobi Moore, LL. D. Emendavlt auxitque Jaeobns Tate, A. H., Gantab. Editio Quinta 
Correctior. 
To this Edition is added an Appendix, containing a list of Irregular and Defective Greek Verba, 
and a Synopsis of the Indeclinable Parts <tf Speech. 12mo, 2s. Cd. bound. 

MUSHET.— WRONGS OF THE ANIMAL WORLD. 

To whitdi is subjoined the Speech of Lord Erskine on the same snbiject. By David Mushet, Esq. 
8ro, 8b. cloth. ^ 

NEILL.-<THE FRUIT, FLOWER, AND KITCHEN GARDEN. 

By Patrick Neill, LL. D., F. B. S. E., Secretary to the Caledonian Horticuttural Sodety. Third 
Edition. Bevlsed and Improved, Illustrated with upwards of 00 Woodcuts. Poet 8vo, 6s. dotli. 
" One of the 'best modem books on Gardening extant."— Loudon's Gakdbhkr's Maoabmx. 
" Practical gardeners and amateurs owe a debt of gratitude to him for his excellent wodc on Hor- 
ticulture, which is now one of the standard works on the branch of science of which it treats." — 

PROrESSQB DuHBAB'S SFXaCH'OI TBB CAUUKnOAM HOBTICULTDBAI. SOCIJRT. 

NIMROD.— THE HORSE AND THE HOUND ; 

Their various Uses and Treatment, In-doors and Out ; including Practical Instmetions in 
Horsemanship. To which Is added, a Treatise on Horse-Dealtag, wherein is enforced the no* 
oeasii^ for *' Caveat emptor," and a recital given of some of the first Legal and Yeteiinair Au- 
thorities on the question of Soundness and Unsoundness of Horaes. By Nimrod. Seoimd Edi- 
tion, with numerous Illustrations on Wood and Steel, after Drawings by Cooper, Aiken, Ba* 
xenger, and Femeley of Melton Mowbmy. Post 8vo, 19k doth. 

NUGENT.-POCKET DICTIONARY OF THE FRENCH AND ENGLISH LAN- 
GUAGES. In two Parts, Ist, French and English ; 9d, English and French, containing all 
Words of General Use, and authorised by the best Writers. As also the several Parts of Speech. 
The Genders of the French Nouns, the Naval and Military Terms, a List of Proper NiuMS, 
Ac. &c A new Edition, careftUly revised and enlarged by J, Oulseaux, A. M. Square Iflmo, 
7s. 0d. bound ; or Pearl, 6b. Od. bound. 

OSWALD.— AN ETYMOLOGICAL DICTIONARY OF THE ENGLISH LAN- 
GUAGE, on a Plan entirely new, adapted to the Modem Svstem of Tuition. By the Bev. 
John Oswald, lata Master in Geoige Heriot's Hospital. Fourth Edition. 18mo, 88.<ld. bound. 
" This very laborious compilation deserves to be introduced into every school whera the English 

Language is taught."— Atbxkjbum. 

LAN- 

Od. doth. 



OSWALD. — AN ETYMOLOGICAL MANUAL OF THE 
GUAGE,/or the Use of Schools and Private Families, 



ENGLISH 

Eleventh Edition, jmk la 



0SWALD.-OUTLINES OF ENGLISH GRAMMAR. 

Fifth Edition, price 6d. 

OSWALD.— ETYMOLOGICAL PRIMER. 

Part First. Twelfth Edition, Id. 

OSWALD.— ETYMOLOGICAL PRIMER. 

Fart Second. Fourth Edition, 6d. 

PARNELL.— FISHES OF THE FRITH OF FORTH; 

Their Natural and Eoonooiical History. By Bichard Pamell, M. D., F. B. 8. B. With 07 
Figures. 8vo, 8s. doth. 

PEEL.— SIR ROBERT PEEL AND HIS ERA. 
Post 8VO, 7s. 0d. doth. 

PHILLIPS.— A TREATISE ON GEOLOGY. 

By John PlUlUps, F. B. S., F. Q. S., Professor of Geology !n King's College, London, Author 
of '< Illustrations of the Geology of Yorkshire," " A Guide to Geology," &c. Ac. Embellished 
with Plates and Woodcuts. Post 8vo, 6s. cloth. 

" The «uthor has selected and combined all the diaoovexles wUeh have been made In Gedogy up 
to the present time." — ^Maaiojia HxaAUi. 

PILLANS.— PRINCIPLES OF ELEMENTARY TEACHING, 

Chiefly in reference to the Parochial Schools of Scotland ; in Two Letters to T. F. Kennedy, 
Esq. M. P. By James Pillana, F. B. S.E., late Rector of the High Sdiool, and now ProfesMr 
of Humanity in the University of Edinburgh. Post 8vo, as. boards. 
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PILLANS— ECLOQ>E CICERONIAN^ 

A 8«leeMoii firom tte OnittaN, KplaOfla* and PhlloMphloal Diaiogvm of Ootto: to whkh am 
«ddad nleelMl L«ttni of Pttnj th* Tiwuiger. Arnuig«d in thnedlttinel dlTWons; being in- 
lended to give the itudlooi yooth a ipecimen of doero'i oompodtions in diffaicnt aapecti or Ui 
CaiBiaotari 1. m anOmtor^ a. aiaManoTthe Worid anda Member of Soeicif ) ands.aea 
naonpher. Bf Jamee PlUaaiy F. B. 8. E., Proftaor o# Humanly in the Univerrity of Edin- 
boish. Umo, Si. fld. doth. 

P1LLAN8.-ON CLASSICAL EDUCATION. 

The Proper Ol^eeti and Methods of Edneation, in referenee to the diflfeivnt Ovden of Sooletjr, 
and en tae relattve atUltv oTCbMrfeal Inetovctloo : being Three Leoturet delivered in the Unl. 
verritr of Kdlnbuigh. Br Jamee Pillane, M. ▲., F. B. 8. K., Pro fc wo r of Humanity in that 
Univenitgr. 8to, at. eewed. 

BAMSAY.— AN ESSAY ON THE DISTRIBUTION OF WEALTH. 
By Geoige Bameay, B. M. of Trinity College, Cambridge. 8to, !». cloth. 

BAMSAY.— A DISQUISITION ON GOVERNMENT. 

By Geoige Baouay, B. M. of Trinity College, Cambridge. Foolecap, 4e. cloth. 

RAMSAY.— POLITICAL DISCOURSES- 

1. On what ii Oo^ertiment founded; 9. On Civil Liberty; g. On Vote by BaUot; 4. On 
Eouality and Inequality; f. On Central and Local 8y»teBM. By Oeofge Bameay, B.M. 
Trinity College, Cambridge. 8to, M. tsloth. 

ROBEBTSOK.-REPORT OF THE AUCHTERARDER CASE. 

The Earl of KlnnouU and the Ber. B. Young egalnit the Preebyteiy of Auohterarder. By 



Ohartee Beberteon, Beq. Advocate, one of the Oolleetore of DeeUone by appointment of the 
Fteutty of Advocate*. PubUehed by authority of the Court. Two vohmee, with Supplement. 
8to, aott gd. boarde. 

BOBERTSON.-COLLOQUIA DE MORBIS. 

' Praetica et Theotetioa, Quettionlbus et BeeponMs ; ad uium Ingenuae Jnventotie aeeommodata. 
Auetote Archlbaldo Bobertaon, M. 7)., &e. &o. Editlo Teitla. 18mo, Tt. Od. boaids. 

RODr THE, AND THE GUN. 

Being Two Tnatfaae on Angling and Shooting. The former by' Jamee Wileon, Em. F. B. 8. E., 
dM.Se. The hitter by the Author of " The Oakleigh Shootba Code." Second Bdilion, with 
numerooe Bogravlnge on Wood and Steel. Poet 8vo, lOe. ad. uoth. 

M xhB treatlee on Shooting, by the Author of ' The Oakleigh Sbofiting Code,' le written upon a 
very eomprelienrive plan, and bevitlftaBy Uluetrated. Its oompanion on Angling ft one of the moet 
hitereetiag, fautruetive, and agreeable trcatiees on ' the gentle art' thatexieti In our language ; and 
win probabty be nottoed at greater length In a ftiture aniele."— EonteuBon Bavisw. 

*' Know Idcewiae to thy utter dlacomfort, nay, to thy utter eonftulon, that a book hae lately ap- 
peared yclept < The Bod and the Oun,' to amminglv written and eo complete in all Iti parti, that 
(here li not the leaet oocaeion for you to burtlien Mr Murray*! Aeivee with etale preeeple that no one 
will attend to."— FaeyAfCK to " Dayi a»d Nuaxe or Baijuuc Fiuumo" it Wuuah Scnora, EeQ. 

BOOET.— PHYSIOLOGY AND 'PHRENOLOGY. 

By P. M. Boget, M. D., Seeretery to the Boyal Society, dec. &c.. Author of the Fifth Bridge- 
water Tnattw. Two volamee, port 8n», Ui. doth. 
'* A lumbMnifl and moat candid and Impartial aoeoont of Phrenology. ... In the Treatlee 

on Phyeiology , that edeooe i* treated clearly, AiUy, and in the nratematic manner which a maiteriy 

inetmctor ini^«lopt for the benefit of his pupik"— lAn-'e MAOAsras. 

BOLLIN.—ANCIENT HISTORY 

Of tiM Egyptiane, Outhaginlane, Aa^rrians, Babyloniane, Medee and Peniani. MaeedoniaaL 
and GrecaJans. Bj M. BoUln, bite Principal of the Univereity of Paris, &c. &e. Translated 
tram the French. New Edition. lUuetrated with Mape and other Xngmvinge. In Sis Vo- 
lumes. 8vo, eSi. doth. 

RUSSELL.— THE HISTORY OF MODERN E|JROPE: 

with an Aoeonnt of the Decline and Fall of the Soman Empire, and a View of the Procrea 
of Sodety from the Biae of the Modem Kingdoms to the Peace of Paris in 176S ; in a Seiiee of 
Letters from a Nobleman to his Son. IfewEdltion, continued to the Aooeasion of <)ueen Yio- 
toria of England. Four Yolumes, 8vo, fiSb doth. 

RUSSELJ..— A TREATISE ON THE STEAM ENGINE. 

niustxated by 948 Engravings on Wood, and 15 Folding PUtes <« Sted. Post 8to, 9b. cloth. 

" Moet complete and dreumstantial At the same time it is methodicallT, 

deariy, and Ituninoudy written. C(»sidering the number of Olustrattons, it is a very cheap book, 
and as it ezplainn all we modem improvementB and ^qiUoatlotts, it cannot &il in beinga boon 
which evety meehanist and enghieer will reodve with mueh gratitude."— Tax Suavsvon, ^toniBia, 
JLKD AxauncT. 

BUSSELL.-STEAM AND STEAM NAVIGATION. 

A Traatlae on Hie Natue, PropallBi^ and AppUeatioos of Steam, and en Steam VaiUgMoii. 
Bv John Soott Buasell, M. A., F. B.8. E., Yioe-Prasident of the Sodety of Arts of Seothmd. 
Ilhutrated with upwaide of 80 Eogntvlngs on Wood, and U Folding Pbites on SteeL Poet8v<b 
9b. doth. 

" A woik on Steam and Steam Navigation, in whldi edeaee and Intemttng infonaatton an 
equally eomUnad."— Mxoumce' Maoauxx. 
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SHAW.-DEVELOPMENT AND GROWTH OF SALMON FRY, 

Btbig l^pttrlmental OtaMmUloni tram the Bzcliuioii of the Ova to the Age of Two Yean. Br 
Jdbn Elhaw, Dnunlanxig. With two EngnTings, 4t0j 2b. «d. tewed. 

*' That then fiicto mlty not be regarded as the result of hasty or of saperflcial obaerratioa, w« ma* 
mention that the Ingenious author has redded almost during his entire Ufe by the banks of i^hm^ 
streams, and that his opportunities have thus been as ample as we know his efforts have been un- 
remitting and laborious, to ascertain the genuine history of this noble and most valuable nodes." — 
Buu:kwooo's Maoazini, Anui, 1840. 

SHOOTER'S HANDBOOK, 

Being the Treatise on Shooting contained in " The Bod and the Oun." By the Author of " Tha 
Oakldgh Shooting Code." With Plates and Woodcuts. Poet Bvo, tt. cloth. 
••• The *' Oaklelgh Shooting Code" Is now withdrawn from droulation, the prawnt volume em- 
bradng all the contents of that work which the author deemed worthy of preservation, as well as 
much n«w matter, the femlC of his enlarged experience and more matiued opinions. 

SHORTBEDE—LOGARiTHMIC TABLES TO SEVEN PLACES OF DECI- 
MALS, ooataining Logarithms to Numben from 1 to ISO'OOO, Numbers to Logarithms fhim .0 
to 1*00000, Logarithmlo Sines and Tangents to every seoond of the Orde, wl3i Arguments in 
Spaoe and Time, and New Astronomioal and Geodesieal Tables. By Bobert Hhortrede, 
F. S. A. S., &c., Captain H. E. I. O. S., and First Assistant of the Qreat Xiigonometrical Sur- 
vey of India. Imperial 8vo, «9s. eloth. 

SIMPSON.— THE PHILOSOPHY OF EDUCATION, 

With its Praettoat AppHcation to a System and Plan of Popular Xducatioo as a National Ob- 
ject. By James Simpson, Esq. Advocate. Seoond Edition, lamo, 4s. boards. 

" It shonM be in the hands of every iUend of his species who can afford to purchase it."— Lsmr 
EcirrlB JouKiui.. 

SMITH.— THE WEALTH OF NATIONS. 

An Inaniiy into the Nature and Causes of the Wealth of Natl«ns. By Adam Smith, LL. D. { 
with the Life of the Author, an Introductory Diicoune, Notes, and Suf^mental Dissertations, 
by J. B. M'CnIloch, Esq. A new Edition, coneoted throughout, and greatty enlarged. With 
two Portraits. 8vo, 81s. cloth. 
••• This Edition contains elaboiate Notes on the Com Laws, the Poor Law Act, the Colonies, &o. 

STARK.— PICTURE OF EDINBURGH, 

Containing a Description oftiieCUar and its environs. By J. Stark, F. B. S. E. Sixth Edition, 
inproTed. With a new Han of the City, and Forty -Eight Tiews of the Frindpal Buildings. 
18mo, 8b. roan. 

STEVENSON.-rMARINE SURVEYING AND HYDROMETRY. 

Being a Treatise on their Ai^lifvtion to the Practice of CivO Engineering. By David Steven- 
son, Civil Engineer, Author of " A Sketeh of the Civil En^eering of Ameiua," &e. lUns- 
teated by Thirteen Plates, a Coloured Chart, and numerous Engravings on Wood. Boyal 8vo, 
I5s. doth. 

" A work of more extensive practical utility, mors certain to bring honour to ito author, and 
confer lasting benefit on his piofesaion, has seldom come under our notice." — Mxcbakics' MAO^zraa. 

STRATTON.— GAELIC DERIVATIONS. 

The Derivation of many Classical Proper Names firom the Gaelic Language or the Celtic of 
Scotland ; Being Part Third of an Inquiry into the partly CeUio Origin of the Greeks and Bo- 
mans. By Thomas Stratum, M. D., Edinbuigh, Honorary Member of the Highland Society, 
lamo, is. Od. sewed. 



8YME.— DISEASES OF THE RECTUM. 

A Treatise by James Syme, F. B. S. E., Frolfessor of CUnloal Surgery in the Univenity of Edin- 
buigh. See. &c. 8vo, fis. cloth. 

THOMSON.— CHEMISTRY OF ANIMAL BODIES. 

By Thomas Thomson, M. D., Begius Professor of Chemisby In the Univeniiy of Glaigow, 
F. B. SS. L. and E., &c. 6te. 8vo, 10s. cloth. 

" The chymlst who prefers his own investigation to the sometimes coloured views arrived at by 
others, will select the work we are now noticing as his text-book and guide to Animal Chymistjry, 
In preference to all others which have ai^>eaTea in this country."— Amkais or Canosniy. 

THOMSON.— THE LAW OF BILLS OF EXCHANGE, 

Promissorr Notes, &c. A Treatise by Bobert Thomson, Esq. Advocate. Seoond Edition. In- 
duding a Summary of Dedsions, Scotch and English, to the Present Time. 8vo, 24s. doth. 

TBAILL.— MEDICAL JURISPRUDENCE. 

* Being Outlines of a Course of Lectures by Thomas Stewart Tndll, M. D., F. B. S. E., See. &c., 
Begius Professor of Medical Jurisprudence and Medical Pdice in the Univeirity of Edinbuigh. 
Second Edition. Post 8vo, 68. doth. 

" These Outlines may Indeed be reeommoided as presenting an excellent compendious vievr of the 
poresent state of the doctrines in Medical Juriq>rudenoe ; and they will serve as a useftil guide, not 
only tar Initiating beginners, but for conducttag the student in his subsequent proeeontion of Oo 
nlQeeti either generally or in ito divisions."— EnmsoBOBMsonui* ako SinunoAii joobwal. 

TBAILL.— PHYSICAL GEOGRAPHY. 

By Thomas Stewart TraJll, F. Bk S. B., Begfos ProAMor or MedkalJuriipnxdenoe In the Val- 
reaHbf of Bdinbuxgh, &e. Ste. Post 8vo, Ss. doth. 

'* A most daborafe digest of fecte fndidoody arranged, and, •■ a genaral exposition, perhaps iha 
moat complete that has yet appeared."— Lana Maacunr. 



